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1 Introduction 

Geometric flow equations are a central subject in modern differential geometry and topology. They 
also arise naturally in quantum field theory as renormalization group (RG) equations in theories 
whose coupling space is parametrized by a Riemannian manifold. A prototypical example is Ricci 
flow |1,2|, which independently appeared in quantum field theory (in Friedan's thesis |3]) just 
before being introduced by Hamilton as a tool to attack the geometrization conjecture for three- 
manifolds [4] . Ricci flow describes the one- loop RG evolution for the metric of the target manifold 
A4 of a two-dimensional sigma-model. Under certain assumptions, and after appropriate rescaling, 
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solutions of Ricci flow tend to a constant curvature metric on M.. Physically, this canonical metric 
is interpreted as an infrared (IR) stable fixed point; the metric moduli are irrelevant in the RG 
sense, and they are washed out by the flow. 

Here we introduce and study a new class of geometric flows which arise as holographic BPS flows 
for certain supersymmetric large N field theories. We restrict to flows defined on a closed Riemann 
surface C; the very interesting extension to three-manifolds will be presented elsewhere [5]. The 
dual interpretation of the flows as field-theory RG flows suggests that they should uniformize 
the surface, that is, for fixed complex structure on C there should exist a solution interpolating 
between an arbitrary metric on C in the ultraviolet (UV) and the attractor metric of constant 
curvature in the IR. We confirm this expectation by rigorous mathematical argument. 

We emphasize from the outset that our flow equations, while certainly related to the physics 
of renormalization, have a rather different flavor from flows, such as Ricci flow, that admit a more 
direct field-theoretic RG interpretation. Indeed our flow equations are second-order (elliptic) in 
RG time, rather than first-order (parabolic) and we study them as a boundary-value problem with 
prescribed UV and IR behavior. This is a familiar predicament. Quite generally, if one regards 
supergravity flow equations as defining an initial-value problem, one needs to constrain the UV 
data such that the evolution does not lead to unphysical singularities. This is very difficult, and 
in practice it is more convenient to study instead a boundary value problem with specified UV 
and IR data. However, this is not in the spirit of the Wilsonian RG, where for all initial UV data 
there is a well-defined physical flow. 

Our initial motivation comes from physics. We want to test a crucial assumption of the 
beautiful recent work on four-dimensional M = 2 supersymmetric quantum field theories "of 
class <S" [6jj8]. These are the theories conjectured to arise by compactification on a Riemann 
surface C of the famous six-dimensional (2, 0) superconformal field theory (SOFT). The appropriate 
partial topological twist ensures that M = 2 supersymmetry is preserved in the four non-compact 
dimensions for arbitrary metric on C. Then in the IR the theory must flow to a four-dimensional 
M = 2 SCFT. The complex structure moduli space of C is identified with the space of exactly 
marginal couplings of the four- dimensional SCFT, but the conformal factor of the metric is believed 
to be RG-irrelevant and thus forgotten in the IR. This is the assumption that we set out to check. 

As a Lagrangian description of the (2, 0) theory is presently lacking, we do not know how to 
approach this question in general. Fortunately, a simplification occurs for large N, where N is 
the rank of the Lie algebra Aw-i that characterizes the (2,0) theory. In this limit we can appeal 
to the AdS /CFT correspondence, which states that the (2,0) A^-i theory is dual to eleven- 
dimensional supergravity in an AdS? x S 4 background. In fact for our purposes, it is sufficient to 
consider the consistent truncation of eleven-dimensional supergravity to seven-dimensional gauged 
supergravity^] Then the hypothesis that we would like to check can be rephrased in the language 

1 This truncation necessitates the restriction that C be closed. While there is a rich generalization to punctured 
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of the "holographic RG" . One singles out a radial coordinate to play the role of RG time and 
writes the supergravity BPS equations as evolution equations with respect to this coordinate. The 
solutions of interest interpolate between an asymptotically locally AdSj background in the UV 
and the background AdS§ x C (where C has fixed constant negative curvature) in the IR. The 
expectation is that such a solution exists for arbitrary choice of UV metric on C. 

At first sight, the supergravity BPS equations look like a complicated coupled system, but 



remarkably they can be reduced to the very elegant equation (3.8): 



dy + (d 2 x + <^)$ = m 2 e* . 

This is a single elliptic flow equation for a scalar field $ intrinsically defined on the surface! In 
terms of the original variables, $ is a linear combination of the conformal factor of the metric 
on C and of one of the scalars fields of the gauged supergravity. We can also think of it more 
covariantly as an equation for an auxiliary metric on C, of which $ is the conformal factor, see 



(B.3). The equation admits an exact solution, which equates to the previously known solution 
where C is taken to have constant curvature throughout the flow n0\. Linearizing around this 
constant-curvature flow, it is easy to demonstrate that for infinitesimal perturbations of the UV 
metric there is always a solution flowing to the attractive fixed point in the IR. Much less trivially, 
we are able to give a rigorous global existence proof. The proof is based on degree theoretic 
techniques used in proving existence results for nonlinear elliptic equations. For a survey of this 



area of nonlinear functional or global analysis, see 11 . Such methods can be used, for instance, 
to give a relatively simple proof of the uniformization theorem for surfaces of higher genus 12 . 
The proof here is more difficult, since it involves flows with substantially different behaviors in the 
UV and IR. 

We perform a similar analysis for a few other cases of physical interest. The first variation 
on our theme is to consider a different partial topological twist of the (2, 0) theory compactified 
on C, such that only M = 1 supersymmetry is preserved in four dimensions. In fact there is a 
whole family of possible twists that preserve J\f = 1 supersymmetry, and here we restrict to the 



simplest case, already discussed in 10 ; a more comprehensive discussion will appear elsewhere 13 
Another variation is to take as the starting point Af = 4 super Yang-Mills, a four-dimensional 
SCFT, rather than the six- dimensional (2, 0) theory. We consider compactifications of M = 4 
SYM on C with partial topological twists that preserve either (4, 4) or (2, 2) supersymmetry in 
the two non-compact dimensions. For all of these cases, the holographic RG equations reduce to 
a single scalar equation on C. 

The example of the (4,4) twist of M = 4 SYM is somewhat special, since one does not expect 



surfaces [9], it is technically much simpler for us to study to the case with no punctures. We also generally assume 
that C has genus g > 1. This is a less essential restriction: the equations we derive actually describe the low-genus 
cases as well, though the corresponding flows are singular. 
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the IR theory to have a well-defined vacuum state 10 , and correspondingly one finds no AdS^ x C 
solution in the dual supergravity. On the other hand, both the (2, 0) theory with M = 1 twist and 
M = 4 SYM with the (2, 2) twist flow in the IR to SCFTs in four and two dimensions, respectively. 
As before, the field-theoretic expectation is that memory of the UV metric on C is lost in the IR. 
This is confirmed by the analysis of the corresponding scalar flow equations (3.37) and (4.10) 
which, despite looking less elegant than (3.8), have very similar behavior. 

The organization of the paper is as follows. In Section |2j we review the construction of 
the field theories of interest by partial twisting of maximally supersymmetric theories. We then 
recall the realization of these field theories on the worldvolumes of D3 and M5 branes wrapping 
supersymmetric cycles in Calabi-Yau manifolds. In Sections [3] and [4], we go about finding the 
gravity duals to the partially twisted (2, 0) and Af = 4 SYM field theories, respectively, and reduce 
the problem in each case to a single elliptic geometric flow equation on the Riemann surface. We 
also perform a linearized analysis of these flow equations, interpret the results using AdS / CFT and 
show that the constant curvature metric on the Riemann surface is a local IR attractor of the flow 
equations. In Section [5j we provide a global proof that the geometric flows in question uniformize 
any metric on the Riemann surface for a correct choice of additional boundary data. We further 
explore the flow of the area of C with respect to the auxiliary metric, and find that it decreases 
monotonically. Many technical details of the computations are reported in the appendices. 



2 Field Theory, Branes, Supergravity 

We begin by reviewing the field theories of interest, their realization on the worldvolumes of M5 
and D3 branes, and our approach to constructing their gravity duals. The bulk of the material 



in this section has appeared previously, in particular in [TOJ (see also 14,15]). However, as the 



analysis in the present work is somewhat more involved than that of 10 , we place special emphasis 
on symmetries as the basic guiding principle: the symmetries of the partially-twisted field theory 
can be used to systematically determine the geometry of the brane construction, which in turn 
completely fixes the Ansatz for the supergravity analysis. 



2.1 Partially twisted field theories 

We study the (2, 0) theory of An_i type in d = 6 dimensions and Af = 4 SYM with SU (N) gauge 
group in d — 4 dimensions, defined on a spacetime of the form 

R 1 '* -3 x C , (2.1) 

with C a compact Riemann surface of genus g > 1. Supersymmetry would normally be broken 
explicitly and completely by the curved background due to the absence of covariantly constant 
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spinors. This situation can be remedied if the theory is (partially) twisted 16 17. Because 
we consider geometries with product metrics where only a two-dimensional factor is curved, the 
structure group of the spacetime manifold naturally reduces according to 



SO(l, d - 1) SO(l,d - 3) x 50(2) c . (2.2) 

A choice of twist is a choice of Abelian subgroup 50(2)^ C S0{2)c x Gr, with Gr the R-symmetry 
group of the <i-dimensional field theory, such that some of the supercharges are invariant under 
50(2)^. For the theories at hand, the R-symmetry group Gr is 5*0(5) or 50(6) and there exist a 
number of inequivalent ways to choose the group 50(2)^ so that some supersymmetry is preserved. 
We restrict our attention to two twists for each theory. We now review these twists and mention 
some standard facts about the resulting (d — 2)-dimensional theories. 



2.1.1 Twists of the (2,0) SCFT in six dimensions 

The Poincare supercharges of the (2,0) superconformal algebra transform in the 4 ® 4 of the 
maximal bosonic subgroup 50(1,5) x 50(5)^ and respect a symplectic-Majorana constraint. 
Because only an Abelian factor of the structure group is being twisted, it is sufficient to consider the 
maximal torus of the R-symmetry group, SO(5)r. In particular, if we think of SO(5)r as rotations 
of Rj^g, then we define £/(1)_r,i2 x ^(1)_r,34 C 50(5)r as the subgroups which rotate the (xi,x 2 ) 
and (x 3 , x 4 ) planes independently. Under the subgroup 50(1, 3) x 50(2) c x U (1)_r,i2 x U (1)_r,34 C 
50(1,5) x SO(5)r, the supercharges decompose as 



4 <g)4 ->■ 



(2,l)i ®(l,2)_i ® ©(1,-1)® , (2.3) 

2 2- 



and satisfy a reality constraint coming from the symplectic-Majorana condition. Thus, under a 
{7(1) subgroup generated by a Lie algebra element t' = t c + at% 2 + bt u (the i's on the right-hand 
side being the generators of 50(2) c , {7(l)i 2 , and {7(1)34, respectively), the supercharges transform 
with charges ±| ± | ± |. For any choice of a and b such that a ± b = ±1 there are at least 
four real, invariant supercharges, so at low energies the theory enjoys four-dimensional Af = 1 
supersymmetry. In the special case when either a or b is zero, the supersymmetry is enhanced to 
M = 2 in four dimensionsEl 

The first twist studied corresponds to the choice a = 1 and 6 = 0. We refer to this as the "1/2 
BPS twist". It has been argued in |6] that these twisted compactifications of the (2, 0) theory flow 
to four-dimensional SCFTs of class S [7j[8]. One key aspect of any theory of class S is that it has a 
moduli space which is equivalent to the complex structure moduli space of an associated Riemann 
surface - the "UV curve". In |6|, the UV curve was identified with the Riemann surface C on which 



2 The discussion of twisting here is purely local. In particular, when the twisted theory is defined on a curved 
background with non-trivial topology there are global obstructions to the procedure outlined except at discrete 



values of a and b. This becomes manifest in Section 2.2 where the obstructions are geometrized 
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the (2, 0) theory is compactified, and it was conjectured that under the subsequent RG flow to a 
four-dimensional fixed point, all metric data for C except for the complex structure are irrelevant. 
The arguments for this picture are compelling. For example, the space of marginal deformations in 
the four-dimensional theory leaves no room for additional geometric degrees of freedom, and BPS 
quantities in the twisted six-dimensional theory are determined by the complex structure alone. 
Nevertheless, the hard-boiled skeptic cannot rule out the existence of disconnected components in 
space of IR fixed points. 

The second twist considered corresponds to the choice a = b = 1/2, which is the "1/4 BPS 



twist". These theories have been considered in 18 , where they were identified as the end point 



of an RG flow triggered by a mass deformation of the M = 2 theory of class S for the same UV 
curve. It was further argued that the moduli space of these theories is the combined space of 
complex structures and flat SU{2) bundles on the UV curve. Locally, this moduli space is just 
the product of the complex structure moduli space with the space of SU(2) Wilson lines for the 
UV curve. 

2.1.2 Twists of M = 4 SYM in four dimensions 

The Poincare supercharges of Af = 4 SYM transform in the [(2, 1) © (1, 2)] © 4 of SO(l, 3) x 
SU (4)^j with a Majorana constraint. As in the case of the (2, 0) theory, it is sufficient to consider 
a maximal torus of SU(4)r = SO(6)r, which we regard as independent rotations of three planes 
in R^_ 6 . Under the subgroup 5*0(1, 1) x SO(2) c x Z7 (l)i2 x ^(1)34 x ^(1)56, the supercharges 
decompose as 

[(2,1) © (1,2)] ©4^ [(±§,±i)]® [(1,1,1)© (-|,-|, !)©(-!, §, -§)© (f,-§> -§)] • ( 2 - 4 ) 

If we consider the U{1) subgroup generated by a Lie algebra element t' = t c + at 12 + b t 34 + c t 56 , it 
is straightforward to check that at least two real supercharges are invariant for a±b±c = ±1. This 
is enhanced to four invariant supercharges if a, b, or c vanish, and eight invariant supercharges 
if only one of a, b, and c is non-zero. These classes of twists give rise to theories which flow 
to two-dimensional theories preserving M = (1,1), M = (2,2), and M = (4,4) supersymmetry, 
respectively. We focus on the two latter the additional supersymmetry leads to nice 

simplifications. 

First we consider the "1/2 BPS twist" with (a, b, c) = (0,0,1). Since J\f = 4 SYM has a 
Lagrangian description, the resulting twisted field theory can be studied quite explicitly, and 
in 19 it was argued that the IR fixed point is a sigma model with target space the hyper-Kahler 
moduli space M. H {C) of solutions to the Hitchin equations. This sigma model explicitly depends 
only on the complex structure on C, and so is insensitive to the conformal factor of the metric. 
Then we study the "1/4 BPS twist" with (a,b,c) = (^, ^,0). This is related to the Donaldson- 
Witten twist of M = 2 theories in four dimensions where M = 4 SYM is treated as an M = 2 
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theory with an adjoint hypermultiplet. 



2.2 Brane realization 

The maximally supersymmetric theories of interest - i.e., the A^-i (2,0) theory and SU(N) 
M = 4 SYM - arise in M-theory and string theory on the worldvolumes of stacks of N M5 and 
D3 branes, respectively. Their partially twisted relatives are also realized by branes wrapping 



supersymmetric cycles in special holonomy manifolds 17 . The explicit construction of the field 
theories in terms of wrapped branes is useful because there is a direct translation from the brane- 
geometric constructions of a field theory (which should be thought of as specifying its UV behavior) 
to boundary conditions for the dual supergravity solution. 

As we are interested in the field theory limit of the brane dynamics, we should imagine the 
relevant supersymmetric cycles occurring in some compact, special holonomy manifold at large 
volume. In the large volume limit, the branes only probe an infinitesimal neighborhood of the 
supersymmetric cycle, so the geometry can be modeled as a non-compact manifold which is a 
vector bundle over C, where the fiber is 1R 5 in the case of M5 branes and R 6 in the case of D3 
branesj^] These fibers are precisely the vector spaces which appeared previously in Section 2T 
representing the field-theoretic R-symmetry groups. 

Accordingly, in the case of the 1/2 BPS twist of both M5 and D3 theories, only a one-complex- 
dimensional subspace of the transverse space is fibered non-trivially over C. This amounts to the 
statement that C is a holomorphic curve in a local Calabi-Yau two-fold of the form 

X 1/2 = C^C , (2.5) 

where C represents a holomorphic line bundle. The condition that the R-symmetry component of 
the twisted rotation group acts on the preserved supercharges with equal and opposite charge to 
the untwisted rotation group specifies that this line bundle is in fact the holomorphic cotangent 
bundle T*C^Q This is the unique line bundle C which admits a hyper-Kahler metric, and so 
leads to a theory with M = 2 supersymmetry. 

In the case of the 1/4 BPS twists, there is a non-trivial C 2 bundle over C, and the twisted 
rotation group acts distinctly on the two C-factors. This situation arises when C is a holomorphic 
curve in a local Calabi-Yau three-fold of the form 

Ai/4 = d © C 2 ->• C . (2.6) 



As mentioned in Section 2.1, a variety of choices can be made for the line bundles C\ and C 2 



so that the resulting geometry is locally Calabi-Yau (which in turn ensures that supersymmetry 



3 It is not necessary for the total space of this vector bundle to have a Ricci-flat metric, but only that such a 
metric exists in a neighborhood of the zero section of the vector bundle. This is because in the low energy limit, 
the tension of the branes effectively becomes infinite. 

4 The choice of holomorphic, as opposed to anti-holomorphic, cotangent bundle is merely a convention. 
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on the branes is preserved)]^] We focus on the case where the R-symmetry factor of the twisted 
rotation group acts identically on the two line bundles, with half the weight of the action of the 
ordinary rotation group. In short, we set L\ = £ 2 = £1/4 with £® 2 4 = T*^ 1 ' ^ 

2.3 Super gravity Ansatze 

We are studying theories whose microscopic behavior is controlled by maximally supersymmetric 
theories with well-known supergravity duals. Consequently, it is straightforward to fix the asymp- 
totic form of the dual supergravity backgrounds. Here we outline precisely the Ansatze which 
provide the starting point for our calculations. We first describe the backgrounds dual to the 
twisted M5 brane theories. For the twisted D3 brane theories the procedure is analogous and is 
described succinctly. 

2.3.1 M5 brane Ansatze 

The An-\ (2,0) theory is dual at large N to eleven-dimensional supergravity in an AdS? x S* 4 
background, where the S" 4 factor can be thought of as the boundary of the transverse R 5 to a stack 
of N M5 branes. From the brane construction of the partially twisted (2, 0) theory, we see that the 
large N dual should be an eleven-dimensional supergravity background which is asymptotically 
locally AdS 7 x S 4 , but for which the topology at fixed value of the radial coordinate is an S* 4 
fibration over R 1,3 x C. The S A fibration at the boundary is determined by the R 5 fibration in 
the brane construction (i.e., the complex structure of the noncompact Calabi-Yau). Fortunately, 
there is a consistent truncation of eleven-dimensional supergravity on S A to the lowest Kaluza- 



21 



Klein modes on the S given by the maximal gauged supergravity in seven dimensions 20 
Since the boundary conditions involve only the lowest Kaluza-Klein modes, the existence of the 
consistent truncation guarantees that we can work entirely in the language of the lower-dimensional 
gauged supergravity, and that all of the solutions we obtain can be uplifted to solutions of eleven- 



dimensional supergravity using explicit formulae from 20 21] (see also |22|). 



The maximal gauged supergravity in seven dimensions has an ordinary SO (5) gauge group 



(dual to the R-symmetry) and an SO(5) c composite gauge group 23 . The field content includes 



the metric, the SO (5) gauge field, fourteen scalars parametrizing the coset SL(5,WL)/SO(5) c and 



5 Thc holomorphic structure on the C 2 bundle does not have to factorize in general, so there are geometries 
which are not sums of holomorphic line bundles. In the 1/4 BPS twisted theory studied here, the holomorphic 



structure can be deformed to an unfactorized one by turning on SU(2) Wilson lines on C - see 18 . The story for 
more general twists preserving four supercharges is currently under investigation IX 31 . 

6 There are, of course, 2g different choices for £1/4 which satisfy this condition. However, since we work on the 
covering space of C and performing a quotient without additional action on sections of these line bundles, we choose 
the spin structure corresponding to periodic boundary conditions. We thank Eva Silverstein for pointing out this 
ambiguity. 
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five three- form potentials transforming in the 5 of the SO (5) gauge group. There are also four 
spin-3/2 fields and sixteen spin-1/2 fields transforming in the 4 and 16 of SO(5) c , respectively. 
The complete action and supersymmetry variations of this theory were derived in (23). The bulk 
fields which are needed to match the partial twists of the (2,0) theory at the boundary lie in a 
simple truncation of this theory to the metric, two Abelian gauge fields in the Cartan of the £0(5) 
gauge group (encoding the fibration of the S 4 , which has a reduced U(l) x U(l) structure), and 
two scalars which parameterize squashing deformations of the four-sphere]^] This is precisely the 
truncation of 24 , but note that it is not the bosonic part of a non-maximal supergravity. However 
it has been shown that every solution of the equations of motion of the truncated theory solves 



the equations of motion of the maximal theory 22 , 24 



It is now straightforward to write down the most general Ansatz appropriate to our construc- 
tion. The seven-dimensional metric takes the form 

ds 2 = e 2f (-dt 2 + dz\ + dz\ + dz\) + e 2h dr 2 + y' 2 e 29 (dx 2 + dy 2 ) . (2.7) 

where /, g, and h are functions of r and of the coordinates (x, y), which take values on the upper 
half-plane H = {(x, y) \ y > 0}]^] In order to obtain a compact Riemann surface parameterized by 
(x,y), we impose a quotient by a discrete (Fuchsian) subgroup T C PSL(2,WL), the automorphism 
group of the hyperbolic plane. The functions /, g, and h must be invariant under T. In addition 
to the metric, there may be non-trivial (r, x, y)-dependent profiles for the two Abelian gauge fields 
and two real scalars in the truncation, 

A (i) = Afdx + Afdy + A®dr , A* = Xi(x, y,r) , i = 1, 2 . (2.8) 

These bosonic fields must also to transform covariantly under T. 

As mentioned above, the asymptotic form of this Ansatz is fixed by the brane construction of 
the boundary theory. Specifically, the metric functions should have the following UV behavior as 
r — >■ 0, 

f(x,y,r), h(x,y,r) ->■ -logr + --- , 

g(x,y,r) ->■ -logr + go(x,y) H , 

where • • • represents terms which vanish as r — > 0. The asymptotic behavior of the bosonic fields 
is given by 

X t -)• () + ••• , 
A« -)• () + ••• , (2.10) 

4(») _ \ n^\,) xy -I- . . . 
^-x,y ^ a U x,y + 5 



7 There is also a three-form gauge potential in this truncation, but it vanishes identically for all solutions discussed 
in the present work. 

8 For appropriate choices of the function g and the range of (x,y), this Ansatz is compatible with the Riemann 
surface C having low genus (g = 0, 1). Indeed, the derivations found in Appendix [A] are sufficient to describe these 
cases. 
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where is the spin connection in seven dimensions. The constants are determined by the 
choice of twist, and the condition (2.10) for the gauge fields Axjy encodes the fact that at the 



boundary the S" 4 fibration is completely specified by the structure of the tangent bundle to C. To 
be precise, in the 1/2 BPS twist, the correct choice is = l/2m, aP^ = 0, while for the 1/4 BPS 
twist we take = = 1 /4m, where m is the gauge coupling of the gauged supergravity^] 

Moreover, the twists in question preserve additional symmetries which lead to simplifications 
for the bosonic scalar fields. In the case of the 1/2 BPS twist, there is an SU(2) global symmetry 
coming from the fact that the transverse M 5 has an IR 3 factor which is fibered trivially. This leads 
to the simplification 

2A! + 3A 2 = 0, A (2) = 0, (2.11) 
which can be consistently imposed as a truncation at the level of the equations of motion. In the 



1/4 BPS twist, there is an extra Z 2 symmetry which exchanges Ci and £ 2 m the geometry (2.6). 
This implies the additional relation 

A 1 = A 2 , A (1) = A (2) , (2.12) 
which again leads to a consistent truncation of the equations of motion. 

2.3.2 D3 brane Ansatze 

For the twisted D3 brane backgrounds, we have a very similar story. At large N and large 't Hooft 
coupling, Af = 4 SYM with SU(N) gauge group is dual to type IIB supergravity in AdS 5 x S 5 , 
with the S 5 thought of as the boundary of the transverse IR 6 to a stack of iV D3 branes. We expect 
the twisted theory to be dual to a background which is asymptotically locally AdS$ x S 5 with the 
spacetime topology at fixed value of the radial coordinate given by an S 5 fibration over IR 1 ' x C. 
The asymptotic S 5 fibration is determined by the IR 6 fibration in the brane construction. 

It is again sufficient to work in a gauged supergravity description. The maximal gauged 



supergravity in five dimensions was constructed in 25 - 27 where the full action and supersymmetry 
variations were derived, and it is believed to be a consistent truncation to the lowest Kaluza-Klein 
modes of type IIB supergravity on S 5 . This has not been proven explicitly, but in the present 
work we do not need the full structure of the theory. Rather, we content ourselves to work with 



the subsector studied in 22 . This is a truncation of the maximal theory to the metric, three 
Abelian gauge fields in the Cartan of the SO (6) gauge group, and two real, neutral scalars. It 
can be shown to be a consistent truncation of the maximally supersymmetric supergravity to the 



bosonic part of an Af = 2 gauged supergravity coupled to two vector multiplets (see 28 for a 



9 The appearance of the parameter m may look strange, since one might expect these values to match those of 
the parameters a and b which appeared in the discussion of Section |2.1.1| This is a consequence of the standard 
normalization for gauge fields in gauged supergravity which differs by a factor of 2m from the more geometric 
normalization in which the gauge fields can be naturally interpreted as connections on principle bundles. 
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recent discussion of this truncation). For this truncation, it has been shown that all solutions 



can be uplifted to solutions of type IIB supergravity, and there exist explicit uplift formulae 22 



Thus, all of the solutions discussed in the present work can be written as explicit solutions of type 
IIB supergravity. 

The Ansatz for the twisted D3 brane solutions takes a form analogous to that of the twisted 
M5 solutions. The five-dimensional metric is 

ds 2 = e 2f (-dt 2 + dz 2 ) + e 2h dr 2 + y~ 2 e 29 (dx 2 + dy 2 ) , (2.13) 

and there are now three Abelian gauge fields and two real scalars, 

A 1 = Aidx + Aldy + Aldr , 7 = 1,2,3, 

(2.14) 

0i(x,y,r) , (f) 2 (x,y,r) . 

All functions in this Ansatz depend on (x, y, r) and two-dimensional Poincare invariance is mani- 
fest. 

The behavior at r — > is controlled by the corresponding twist of M = 4 SYM. The metric 
functions have the following asymptotics, 

f(x,y,r), h(x,y,r) -logrH , 

g(x,y,r) -logr + g (x,y) H , 

while the bosonic fields obey 

01,2 -> + --- , 

(2.16) 

In this gauged supergravity, the effective gauge coupling is set to one, and the values of the 
constants are those of the constants a, b, and c which appeared in Section 2.1.2 In particular, 
for the 1/2 BPS twist we have a (1) = a (2) = and a (3) = 1, while for the 1/4 BPS twist we take 
G (i) = a (2) = 1/2 and = 0. 

For these choices of twists the backgrounds enjoy additional global symmetries which imply 
further constraints on the bosonic fields. Specifically, the presence of a Z2 symmetry of the 
geometry which descends to the M = 2 gauged supergravity implies a global relation 

2 = , A 1 = A 2 . (2.17) 

For the 1/2 BPS twist, this implies A 1 = A 2 = 0, while for the 1/4 BPS twist it yields A 3 = 0. 
These are both consistent truncations from the U(l) 3 gauged supergravity to theories with only a 
single gauge field and scalar. We are now prepared to derive the conditions for the backgrounds 
just discussed to preserve the appropriate amount of supersymmetry. 



01,2 


->• 


o + ... , 


K 


->• 


o + ... , 


A 1 


-> 
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3 Holographic Flows for Twisted M5 Branes 



Our goal is to derive flow equations which describe the supersymmetric evolution of the background 



fields of Section 2.3.1 as a function of the radial coordinate and to understand their late-time, or 



IR, behavior as a function of the boundary metric on C (the function go(x,y) in (2.9)). The flow 
equations are determined by the condition that the bosonic background be invariant under an 
appropriate number of supersymmetry transformations, i.e, by the condition that the variations 
of all fermionic fields vanish in the background. The relevant supersymmetry variations for the 
fermionic fields in the truncated maximally supersymmetric gauged supergravity are given by 



23 



24 



6% = [V^ + m(4 1 )r 12 + 4 2 )r 34 ) + fe- 4 ( Al+A2 ^ + hM7^(Ai + A 2 )]e 
+\l V (e- 2Al F«r 12 + e- 2 ^F£)r 34 ) e , 
6x W = (e a*x _ e -4(A 1+ A 2)) _ I 7 ^( 3Al + 2A 2 ) - ^e'^F^T 12 ] e , (3.1) 

5x (2) = ^ (e 2A 2 _ e -4(A 1+ A 2)) _l r9 ^ 

The parameter m is proportional to the gauge coupling constant of the supergravity and is inversely 
proportional to the scale of AdSj. The analysis of these BPS conditions is described in detail in 
Appendix |A| The results are remarkably simple for both choices of twist. The full solutions to 
the BPS constraints are encoded in the solution to a system of two coupled partial differential 
equations (PDEs) for the metric function g and a linear combination of the scalar fields Aj. We 
first discuss the resulting flows for the 1/2 BPS twist. 

3.1 1/2 BPS flows 



For this choice of twist, the Ansatz from Section 2.3.1 imposes the relation 



2Ai + 3A 2 = 0, A {2) = 0, (3.2) 

and we work in terms of a reduced set of bosonic fields defined as 

A = A 2 , A = A™ . (3.3) 

Applying the conditions for unbroken supersymmetry as described in Appendix |Aj we find that 
the supersymmetric background is determined by the solution to the following system of PDEs, 

d p X = - 2 -f+ 2 -f e" 5A + ^e A " 29 (1 + A(g + 2A)) , 
d p g = ^ + f e" 5A - ^e A ~ 2 * (1 + A(g + 2A)) , 
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with A = y 2 (d% + dy). The radial variable p is defined in (A. 14). These flow equations can be 
further simplified by defining 



<p{p, x, y) = 2g{p, x, y) + 4A(p, x, y) 



with respect to which equations (3.4) can be rewritten as 



<9V + Acp + 2 



m 2 e v 



along with a condition for A as a simple function of ip, 



-5A 



2m' 



m + d p p) 



(3.5) 



(3.6) 



(3.7) 



There are a couple of curiosities to be noted about equation (3.6 ). First off, in terms of x, y) 
<p(p,x,y) — 2 logy, the equation becomes 



{d 2 x + di)<$> + dy 



2 4> 

m e 



(3i 



For m = this is the continuum SU(oo) Toda equation (also known as the Heavenly Equation, 
or Plebanski's Heavenly Equation). It is integrable and has been extensively studied (see, e.g., 



29 31]). Since the parameter m is inversely proportional to the scale of AdSj, we necessarily 



have m^O. We do not know whether the equation with m^O inherits any nice properties from 
the m = case. The SU (oo) Toda equation also appears in the analysis of 32 and p], where 



the role of the variable p is played by one of the coordinates on the topological four-sphere in the 



eleven-dimensional solution. In addition, (3.8) is time-reversal (p-reversal) invariant. This will 



not be the case for the other flows that we derive, and we do not know the repercussions of this 
symmetry. 

In the remainder of this section, we perform a concrete analysis of the local properties of 



solutions to (3.6). We study the linearized behavior of solutions in the IR and UV, and also 



perform a perturbative analysis of solutions which are globally very close to the exact solutions 
of (To). The analysis paints a picture where solutions behave as uniformizing flows for the metric 
on C locally around the constant curvature metric. However, we find that the question of global 
behavior is intractable using direct methods. Section [5] contains a more abstract analysis of the 
global space of solutions, culminating in a proof that the flow equations we have derived are 
globally uniformizing. 



10 In fact, we would like to think of ip as the conformal factor for an auxiliary metric on C. While it does not 
describe an actual metric which appears in the supergravity setting, it is in some sense the "right" metric from the 
point of view of the flow equations. 
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3.1.1 Infrared analysis 



To begin, we determine the structure of four-dimensional conformal fixed points in the IR. Such 
a conformal point should be described by a supergravity background of the form AdS§ x C, so in 
particular ip(p,x,y) should be constant with respect to p, and we are looking for fixed points of 
(3.6) and (3.7). A fixed point of (3.6) satisfies 



e -v(2 + Ap) - m 2 = . 



(3.9) 



This is the Liouville equation for the function $/2, which makes it clear that the only solution is 

2 



(3.10) 



Combining this with (3.7) (and ( |A.8 )-( A.ll[ )) yields the fixed point values for all the background 
functions, 

ol/10 o3/5 i 

e» = - , e A = 2 1 / 5 , e f = e h = —-. (3.11) 

m m r 

We conclude that even when the metric on C is allowed to vary arbitrarily, the only M = 2 AdS§ 
vacua are those studied in [To] , for which the metric has constant negative curvature. 

We can study the perturbative behavior of these solutions around the IR fixed point j^j] This 
tells us about the late-time behavior of solutions which flow to the conformal fixed point ( |3.11[ ). In 
particular, we anticipate that there should be linearized solutions in the IR for which the conformal 
factor is approaching its fixed point value from arbitrary directions in the space of metrics on C. 



We work with (3.6) and study the expansion 

p = (p m + ecp(p,x,y) 



(3.12) 



to leading order in the infinitesimal parameter e. We do not explicitly unpack our solutions in 
terms of the function /, g, h, and A, but instead limit our discussion to <p, which can be treated as 
a proxy for the behavior of the metric function g and the scalar A. To linear order in e, p(p,x,y) 
solves 



Ap-m 2 p = 



(3.13) 



This is a linear PDE which we can solve by expanding (p in eigenfunctions of the Laplacian on the 
Riemann surface 



£=X>(p)y (n) (s,y) • 

n=0 

Since the Riemann surface is compact and hyperbolic, we have 

AY W (x,y) = -p n Y^ (x,y), p = , p n > 



n > 1 . 



(3.14) 



(3.15) 



By virtue of (A. 12) and ( |A.14 ), the IR (r — > oo) corresponds to p — >• — oo, and the UV (r — > 0) corresponds to 



n 

p — > +oo 



14 



Inserting the expansion (3.14) into equation (3.13), we find the most general solution, 



$n{p) = a n e a - )m P + b n e a " )m » , (3.16) 



where 



# = ±\/l + \Pn , (3.17) 



and a n and b n are free coefficients. For the solution to be regular in the IR, all of the b n must 
vanish. This leaves infinitely many solutions which approach the AdS§ fixed point in the IR but for 
which the metric on C is perturbed in the UV in an arbitrary way. This confirms our expectations 
that there should exist flows approaching the AdS§ fixed point from all directions in the space of 
metrics on C, and we interpret all of these modes as irrelevant operators in the IR SCFT which 
may be turned on along the RG flow from six dimensions depending on the metric on C in the 
UV. The modes with b n ^ 0, however, take the solution away from the AdS$ fixed point in the IR. 
We expect these modes to generically be unphysical, with possible exceptions which we discuss 



briefly in Section 3.1.2 We conclude that in the neighborhood of the fixed point, the BPS flow 



equations exhibit an attractor type behavior in the space of metrics on C. 
3.1.2 Ultraviolet analysis 

To perform a perturbative analysis in the UV, it is convenient to define a new radial variable 



( = e ~P. We can solve the system of coupled PDEs (p.4h perturbatively for £ — > and find 
9(p,x,y) = -\og(() + g (x,y) + g 2 (x,y)( 2 + g 4 e(x,y)( 4 log ( + g 4 (x,y)C + <D(( 5 ) , 

(3.18) 

A(p, x, y) = X 2 (x, y)( 2 + X M (x, y)C log C + A 4 (x, y)( 4 + 0(( 5 ) , 
where 

X 2 (x,y) = ^e- 2 ^(l + Ag (x,y)) , g 2 (x, y) = 3A 2 (x, y) , 

X u (x,y) = -^e- 2 ^A(g 2 (x,y) + 2\ 2 (x,y)) , g u (x,y) = |A«(x,y) , (3.19) 
gfay) = ±ki(x, y ) - ^e-^\l + Ag (x,y)) 2 + ^e~ 2 ^ A(g 2 (x,y) + 2X 2 (x,y)) . 

The functions g (x,y) and A 4 (x, y) are undetermined and represent the two functional degrees of 
freedom in the choice of boundary conditions for the second-order PDEs. The function g (x,y) is 
the metric on the Riemann surface in the UV. 

To build some intuition about the meaning of the function X 4 (x,y) it is useful to consider 



solutions of the form (3.18) which are independent of x and y - i.e., those which were studied 
in 10 . A scalar in asymptotically locally AdS-j space which is dual to an operator of dimension 



D and which depends only on the radial variable has the following UV behavior 

0(0 ~ <PsC~ D + ■■■ + <t>v( D + ■ • • , (3.20) 
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where <p s is related to the source and <f) v to the vev of the dual operator (see, e.g., [33]). We 
conclude that the scalar A is dual to an operator 0\ of dimensions D = 4 in the (2, 0) CFT, and 
for solutions with no dependence on the coordinates (x,y), there is a source for 0\ which is fixed 
by the curved geometry, whereas the vev for the operator appears as a free parameter. It is a well- 
known difference between holographic RG flows and Wilsonian RG that in the gravitational setting, 
one must specify both sources and vets in the UV to formulate an initial value problem. This 



introduces the complication that in general, an arbitrary choice of the vevs will be unphysical 34 
Nevertheless, it was argued in flO] that these flows are indeed physical for any (constant) choice of 
A4, with the flow reaching the AdS§ fixed point only if A4 = 0, and otherwise leading to a singular 
flow which was interpreted as being dual to either the Coulomb or Higgs phase of the field theory, 
depending on the sign. 

In backgrounds for which the fields have non-trivial profiles on the boundary of AdSf the 
holographic dictionary is not straightforward, and we cannot offer precise statements about the 
field theory interpretation of the function \±(x, y)^ \ However, it stands to reason that for fixed 
g (x,y), there exists a specific choice of A 4 (x, y) which corresponds to the configuration where 
the branes are unperturbed in the transverse directions and so there is a flow to the AdS§ fixed 
point. We then expect a one-dimensional family of values for \±{x,y), generalizing the constant 
values in the (x, ^-independent case, which lead to flows representing non-zero, physical vevs for 
the operator 0\. We expect flows for generic values of go(x,y) and \^(x,y) to be unphysical, as 
they would imply the existence of field theory vacua with arbitrary (x, y)-dependent expectation 
values for 0\. It would be interesting to understand whether one could determine the physically 
admissible values of \±{x, y) by imposing a criterion for allowable singularities such as that of [34] 
or 



10 



3.1.3 Exact solution and fluctuations 

The discussions above demonstrate that supersymmetric flows exist for any boundary metric 
go(x,y) in the UV, and that additionally supersymmetric flows exist which approach the constant 
curvature solution in the IR from all directions in the space of metrics on C. In this section we study 
explicit flows which interpolate between the two sets of asymptotics. The key fact that facilitates 



this analysis is that the flow equation (3.6) admits an exact solution under the assumption that 



ip is a function of p alone. This is the solution found by Maldacena and Nunez in 10 , which we 
denote by the subscript "mn" : 

2mp 1 9 mp 1 n 

eV u» = e _ +f +° . (3.21) 

m 2 e mp V I 



12 We thank Bait van Rees for numerous helpful discussions of the subtleties associated with the holographic 
dictionary in such cases. 
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Here, C is an integration constant which is proportional to the parameter A4 in (3.18) and repre- 



sents the expectation value of the operator 0\ . 13 The flow ends at an AdS$ fixed point only for 
C = 0. For C 7^ 0, one finds Coulomb/Higgs branch flows which diverge in the IR. 



Thus we can study small perturbations of the exact solution (3.21) for all values of p. Such a 
perturbed solutions takes the form 



<p(j>, x , V) = <Pmn(p) + e<p(p, x, y) 
The fluctuation term <p(p,x,y) can be expanded as 

<f(p,x,y) = ^2^n{p)Y {n \x,y) 



(3.22) 



(3.23) 



where Y^ n '(x, y) are defined in (3.15). It is also convenient to define a new radial variable rj = e mp , 
where the IR now corresponds to rj — > and the UV to rj — » 00. With these definitions the 



linearization of (3.6) for the functions tp n (p) is 



(r? 3 + 2^ + Crj)^ + (3 V 2 + 2r, - C)^ - (2 + p n )$ n = 



(3.24) 



This equation admits an exact solution when C — 0, i.e., when there is an AdS§ fixed point in 



the IR, The solution can be written in terms of hypergeometric functions 



(p n (ij) = A i { l) ^- 2 Fi[-a n ,2 - cr n ;l- 2a n ; -rj/2] 



2<Tn 



+ A^ , ^— 2 F 1 [a n ,2 + cr n ,l + 2a n ,- V /2] , (3.25) 



where and A 2 n> are integration constants and we have defined 



Or, 



1 + \pn > 1 • 



(3.26) 



The solutions with A^ ^ are singular near 77 = 0, so we set A^ = 0. 

To get a better understanding of the physics of the linearized solution, it is helpful to write 
the functions g and A as 



A = Amn(p) + eX(p, x, y) , g = g M M + eg(p, x, y) , 

and then expand A(p, x, y) and g(p, x, y) in harmonics on the Riemann surface 



\ = J2Up)Y (n) (x,y) 



~g = J2^(p)Y (n \x,y) 



(3.27) 



(3.28) 



13 There is another integration constant parameterizing the freedom to shift p by a constant amount. It is set to 
zero without loss of generality. 

14 There are exact solutions for other special values of C but we do not study them since these flows are singular. 
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The solutions for C n {rf) and 7„(r?) can be obtained from the exact solution for <p n (rj). The result, 
after applying standard identities for hypergeometric functions, is 



B {n) - I 2 F 1 K,g n -l;2(T B + l;-i)/2] , (3.29) 
77^ + 3?7 + 2 



^ = E(W) ^T^I \L 2 F 1 [a w + l,a ra ;2 ( x w + 2;-r / /2] 

4(2c^ + cr n ) 2 + 7] 



2a n (2 + r7)(l +77) 



(3.30) 



where the new integration constants are proportional to The solutions for £ n and 7 n 

with 5^ = 1 and a range of values for plotted in Figure [l] The expansion of £ n in the UV 

(77 — > 00) and IR (77 — > 0) is 



-n 1 77— >oo 



Similarly, the UV/IR expansions of 7 n are 



^'( r^ + + ^ + (.og(^)), 
V T(a n )T(a n + 2) 77 / 

V2 ' V4 4(2a n + l); ' W ; 



(3.31) 



/ r(2a n + l) 



7) 



0-2 VrK)rK + 2) 



(3.32) 



Thus, these are interpolating solutions which fit the asymptotic expansions (3.16) and (3.18) with 
matching conditions 

5 



a, 



_ 2 (3-33) 



n=0 



The coefficients parameterize a neighborhood of the constant conformal factor for the bound- 
ary metric on C, and these interpolating flows demonstrate the conjectured uniformizing behavior 
for the metric in this neighborhood. 

3.2 1/4 BPS flows 

Turning to the 1/4 BPS twist, the appropriate truncation of the seven-dimensional supergravity 
fields from Section 12.3.11 is 

A = = A {2) , <p ee -2Ai = -2A 2 . (3.34) 
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-7n(V) 
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100 



Figure 1: The functions j n {T]) (left) and i n (v) (right) for = 1 and p n 
(increasing as blue goes to red). The IR is at rj — >■ and the UV is at r\ — >■ oo. 



(1,2,3,4,5,6) 



The conditions for backgrounds respecting this truncation to preserve one quarter of the maxi- 
mal supersymmetry are derived in Appendix [Aj When these conditions are reformulated as flow 
equations intrinsic to the Riemann surface C, the resulting PDEs are 

-30-2 9 



d P 9 



2m 
5 



+ ¥ + nk e ^ 9 (1 + A (9 + 40)) 



10m l 



10 



2 

5m 1 



with the new radial variable p defined in (A. 31). As a second-order PDE for 



<p(p, x, y) = 2 9(p, x, y) + 80(p, x, y) , 
these flow equations assume the form 

A<p + d 2 p e v - e* (j(<9^) 2 - md p ip + 
The scalar field is determined by ip(p,x,y), 

^ - i (3m + ^) 



3m 2 
2 



+ 2 = 0. 



(3.35) 



(3.36) 



(3.37) 



(3.38) 



It is notable that while the first-order equations (3.35) are schematically similar to (3.4), the 



second-order equation (3.6) appears much simpler than its 1/4 BPS analogue (3.37). This fore 



shadows our inability to find any analytic solutions of (3.37). Nevertheless, we are still able to 



perform a global analysis of solutions to (3.37) in Section 5 



3.2.1 Infrared analysis 



The unique AdS$ vacuum in this truncation is determined by the constant solution of (3.37) 

4 



3 Vm 



3m 2 
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(3.39) 



The background fields then take fixed point values 



3V° 1 
4 / m 



4\ 5 
3 



ef = e h 



3t 1 



We consider the following infinitesimal perturbation around the IR fixed point, 

(p = <p m + e<p(p,x,y) . 
To leading order in e, the perturbation cp(p,x,y) then obeys 



d 2 <p + md 2 <p 



3m 2 



£+ 3 -f- A(<p)=0. 



(3.40) 



(3.41) 



(3.42) 



By expanding cp(p,x,y) in harmonics on the Riemann surface as in (3.14), we find the following 
solutions for (f n (p), 

V n (p) = a n e a " ) P + b n e a " ) e , (3.43) 

where 

(3.44) 



a 



(±) 



±±^7 + 3p n . 



Regularity of the solution in the IR requires that b n = for all n. 



3.2.2 Ultraviolet analysis 



Defining ( 



e 2 1 



the perturbative solution to equations (3.35) in the UV (( — > 0) is given by 



(3.45) 



g(p, x,y)Ri- log(C) + g (x, y) + g 2 (x, y)( 2 + g u (x, y)C log C + 9a(x, y)C + 0(r 5 ) , 
(f>(p, x, y) « <f> 2 (x, y)( 2 + (f> u {x, y)( 4 log C + M x > v)^ + 0{r b ) , 
where 

fo(x,y) = 10^2 e~ 2m{x ' y) (1 + Ag (x,y)) , ^2(^,2/) =60 2 (^,2/) , 94e(x,y) = <p 4e (x,y) 



4>4t(x,y) 



5m 4 



l + Ag {x,y)f 



5m 2 



-^^)A((7 2 (x,y)+40 2 (x,y)) 



(3.46) 



04 ( 



(x,y) = Mx,y) - Ae- 4 ^(1 + Ag (x,y)) 2 + -L, e ~ 2 ^ A(g 2 (x, y) + 40 2 (x, y)) . 



The undetermined function go(x,y) is the conformal factor of the metric on C and can be chosen 
arbitrarily. The function (p4,(x,y) is related to the vev of the dimension four operator dual to 
the supergravity scalar (p. For fixed go(x, y), we expect generic values of 4>±{x, y) to be unphysical, 
and for a unique value of </> 4 (x, y) to lead to an AdS 5 vacuum in the IR. 



The absence of an analytic, constant-curvature flow equivalent to (3.21) in this case inhibits 



a direct study of the uniformizing behavior of these flows. However, when the background fields 



depend only on p, equations (3.35) do admit numerical solutions for which g(p) and (f)(p) have the 



prescribed asymptotic behavior of (3.40) and (2.9)-(2.10). A numerical solution is presented in 



Figure [2} The existence of such a solution is important for the discussion in Section |5j 
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Figure 2: A numerical solution for <p(p) for 1/4 BPS M5 brane backgrounds. In the IR (p — > — oo 
the function approaches a constant, while in the UV (p — > +oo), it diverges linearly (logarithmically 
in r ). 



4 Holographic Flows for Twisted D3 Branes 

The analysis of partially twisted D3 branes on C closely parallels that of M5 branes. We look for 
flow equations which control the behavior of the background functions in the Ansatze of Section 



2.3.2[ The problem is formulated in terms of the five-dimensional M = 2 supergravity discussed 



m 



22 , and the supersymmetry variations for the fermions are given in 35 , 

= [v M + 1^(77 - as;y)fI p + ix'va, - f vmJ] e , 

<%) = [l(d^j)F^ + "iVjd^X 1 - \5 3k 8,<p k r] e, J = 1, 2 
where we define 

X 1 = e~ T^~T2^ , X 2 = e " vV 1+ 7I 02 , X 3 ee e^ 4 

Vj = l, x I = Ux 1 )- 1 - 



(4.1) 



(4.2) 



Supersymmetric backgrounds of the M = 2 theory preserve at most eight supercharges, and we 
study solutions which preserve only two, corresponding to (1, 1) supersymmetry in two dimensions. 
This is because the Af = 2 supergravity is a truncation of the maximally supersymmetric gauged 
supergravity for which the only visible supersymmetries are those generated by the spinor trans- 



forming with charges (|, \, |) under the U(l) 3 Cartan of SO(6)r (see (2.4)). Both twists we study 



should preserve exactly two of these supercharges, but in the maximal gauged supergravity there 
are additional preserved supersymmetries which act identically on the fields in our truncation. 
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4.1 M = (4,4) flows 

To find a BPS flow that preserves half of the maximum supersymmetry (i.e., 8 real supercharges) 
one should set 

2 = , a = , = A< 2 > = , A = A< 3 > . (4.3) 

The system of coupled PDEs intrinsic to C is derived in Appendix [A] and is given by 

d p a = 2 - 2e 3a - e~ a - 2g {\ + A(g - a)) , 

d p g = 2 + e 3a -e- a - 29 (l + A(g-a)) . 
This system of equations can be rewritten as a single second-order PDE 

<9 2 e v - 6d p e v + 9Atp + 18 = , (4.5) 

where 

<f(p, x > V) = 2 9(p, y) - 2a(p, x, y) , (4.6) 
and the scalar a is determined according to 



(4.4) 



e 



3a 



\d& . (4.7) 



As mentioned in Section [2X2) the 1/2 BPS twist of A/" = 4 SYM flows to an IR CFT which is a 
sigma model onto the Hitchin moduli space Ai H (C). It was pointed out in |10| that because this 
is a non-compact target space, one does not expect a normalizable, conformally invariant ground 
state for the theory, i.e., there should be no AdS^ region in the gravity solution. This is also 



manifest in (4.7) which does not admit a constant solution for ip with finite a. 



4.2 M = (2, 2) flows 

To find gravity backgrounds dual to the 1/4 BPS twist of Af = 4 SYM, one should set 

2 = , a = , A = = A^ , A^ = . (4.8) 
The system of coupled PDEs intrinsic to C is 

d p a = -2 + 2e~ 3a + \e~ a ~ 29 (\ + A(<? + 2a)) , 

(4.9) 

d„0 = 1 + 2e- 3a - e~ a - 29 (l + A(g + 2a)) . 
While the second-order PDE that governs the flow is 

d 2 p e v - ^(dpip) 2 + 9Aip + 18 - 18e^ = , (4.10) 
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where we have defined 

<p(ft, x, V) = 2 9(p, x, y) + 4a(p, x, y) . (4.11) 
The scalar a is related to (p via 



-3a 



£(6 + 0pp). (4.12) 



The global properties of this equation are studied in more detail in Section [5j Using ( |4.9 ) one 



can show that the metric on the Riemann surface in the UV can be arbitrary. For the (x, y)- 
independent solution, the UV asymptotic analysis of the system of flow equations was performed 
in Appendix A of [To] and we do not repeat it here. It is important to note that this linearized 
UV analysis suggests that in the dual twisted theory there is an operator of dimension two that 
triggers the RG flow. 

4.2.1 Infrared analysis 



The constant solution of (4.10) is given by 

e VlR = 1 , (4.13) 

which implies the existence of a unique AdS% vacuum with the following scalar and metric func- 
tions: 

e a = 2 1 / 3 , e 9 = 2" 2 / 3 , e f = e h = 2~ 2 / 3 - . (4.14) 

r 

To study the BPS flow equations perturbatively around this fixed point, we write 

ip = (p m + e<p{p,x,y) . (4.15) 



After expanding (4.10) to linear order in e one finds the following equation for <p, 

d 2 p $- 18 <^ + 9 A^ = . (4.16) 
This equation can be solved by expanding in harmonics on the Riemann surface as defined by 

00 

$ = J2$n(p)Y^(x,y) . (4.17) 



(3.15) 



n=0 



Solving for <f n (p) then yields 



where 



?n(p) = a n e pk+)p + b n e pk ~ )p , (4.18) 



P<f> = ±3v/2 + /i n . (4.19) 
As is by now familiar, regularity of the solution requires that the coefficients b n vanish. 



We finally note that there are numerical solutions to equations (4.10) that depend only on 



p (see Figure kl. These solutions manifest the IR and UV behavior described by (4.14) and 



(2.15)-(2.16), and their existence is important for the global analysis in the next section. 
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<p(fi) 




Figure 3: A numerical solution for <p(p) for M = (2, 2) D3 brane solutions. In the IR (p — > —oo ), 
the function approaches a constant, while in the UV (p +oo), it diverges linearly (logarithmically 
in r ). 



5 Global Analysis 



In this section, we prove that there exist solutions to equations (3.6), (3.37), and (4.10) for arbi- 
trarily prescribed initial data in the UV which are asymptotic to the standard (x, y)-independent 
solution in the IR. We first describe in general terms a standard methodology for solving such 
problems, and then discuss the details for each specific case. 

To begin, let M be a manifold with boundary]^] Consider a real, scalar function (p e C°°(M) 
and a nonlinear (elliptic) PDE in p, 

V : C°°(M) -> C°°(M) . (5.1) 

The basic issue is the solvability of the Dirichlet problem for \1>, i.e., given boundary data ipo G 
C°°(dM), finding a scalar function ip such that 

V(<p) = , p\ 9M = ip . (5.2) 

In the case of a boundary at infinity, the boundary value(s) must be understood asymptotically. 
Let Ai be the on-shell moduli space of solutions ip to ^(p) = 0. The solvability of the Dirichlet 
problem above is equivalent to the surjectivity of the boundary map 

II : M -> C°°{dM) , 1%) = (p\ dM ■ (5.3) 

Before turning to the general approach for the infinite-dimensional setting, let us consider a 
toy model of finite-dimensional manifolds. Let 7r : Nf — > N% be a smooth map between compact 

15 The main example at hand isM = RxC, so the boundary may be an asymptotic boundary. 
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(i-manifolds (without boundary). A standard way to prove that tt is surjective is to calculate the 



mod 2) degree deg(7r) e Z 2 , defined as follows 36 . Let q G N 2 be any regular value of tt, i.e., the 



derivative D p tt : T p Ni — > T q N 2 is surjective for any p in the fiber F q = 7r _1 (g). The regular value 
property and compactness of Ni imply that the cardinality j^F q is finite and deg(7r) = j^F q (mod 
2). That the degree is independent of the choice of regular value q can be reasoned as follows. 
For qi 7^ q 2 both regular values of tt, consider a generic path 7 C N 2 which joins them. Then the 
inverse image 7r _1 (7) C N\ is a collection of one-manifolds - paths or circles {<Tj} with endpoints 
in the fibers F qi and F q2 . Those cr^ which are open paths either join a point in F qi with a point in 
F q2 , or begin and end in a fixed fiber F q .. Since all points in the fibers are accounted for in this 
way, the cardinality mod 2 is independent of the choice of regular value q. If tt is not surjective, 
any point q ^ im(7r) is a regular value of tt (by definition) and #vr _1 (g) = 0. Thus it follows that 
if deg 7r 7^ 0, then tt is surjective. The concept of degree above can be extended to a Z-valued 
degree given appropriate orientations, but we forgo such issues here. 

Under appropriate conditions, a similar methodology can be applied for infinite-dimensional 



(function) spaces. The Z 2 degree is then known as the Smale degree 37 , and is closely related 



to the Leray-Schauder degree. For general background in related topics of nonlinear functional 



analysis or global analysis, see 11,38,39 . The general procedure has the following three parts. 



I - Local Theory 

Prove that the on-shell moduli space Ai is a smooth, infinite-dimensional (Banach or Hilbert) 



manifold, and that the boundary map II in (5.3) is a smooth Fredholm map with Fredholm 



index zero. The issue of whether Ai is a manifold is equivalent to the issue of "linearization 
stability" , i.e., at any solution ip of (5.2 ), any solution <p to the linearized equation D^ v {(p) = 



is tangent to a curve (p t of solutions of the nonlinear equation (5.2). The usual method 
to prove that Ai is a smooth manifold is to use the "regular value theorem", (a version of 
the implicit function theorem): Ai = \l/ _1 (0) is a manifold if is a regular value of (the 
derivative D^> is surjective at any point in Ai). 

The Fredholm property means that the linearization, or derivative map, DTI = D^U at any 
point ip e Ai has finite-dimensional kernel and cokernel, and the range of DU is closed. The 
Fredholm index is defined as 

indpn) = dim (ker (DTI)) - codim(im(Dn)) . (5.4) 

For example, self-adjoint operators have index zero. The requirement of Fredholm index 
zero essentially means that DTI is an isomorphism modulo finite-dimensional factors of equal 
dimension. The manifold property of Ai and the Fredholm property of II are closely related, 
and usually treated concurrently. These properties depend on choosing suitable function 
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spaces (degrees of smoothness) in which to carry out the analysis; one typically chooses 
spaces in which there are good elliptic regularity properties. 



II - Compactness 

The moduli space A4 and space of boundary data C°° (DM) are non-compact and infinite- 
dimensional. The key ingredient needed for the degree to continue to make sense is that 



the boundary map (5.3) is a proper map: if fC is any compact set in the target C°°(dM), 
then the inverse image II -1 (/C) is a compact set in M.. This means that for cpW 6 A4 a 
sequence of solutions with boundary data (p , convergence of the boundary data implies 
convergence of the solutions. In essence, this is the statement that the boundary data <y9 
controls the bulk solution ip with Tl((p) = ifa, and in practice, this amounts to proving "a 
priori estimates" for <p in terms of ipo. If n is proper, then #U~ l ((p ) is finite. 

Ill - Degree Calculation 

If the first two steps can be carried out, then the Smale degree degll e Z 2 is well-defined. 
The argument in the toy model above then works in the same way for infinite-dimensional 



manifolds 37 . To prove surjectivity of II in (5.3), one then needs to show that 



degn = l. (5.5) 

This is typically done by showing that there is a standard solution <p ss - e.g., the (x,y)- 
independent solutions for the flows we consider here - and then showing that this solution 
is the unique solution with its boundary data and that ip ss is a regular point of II. This 
establishes the surjectivity of II 
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The local theory part of the proof is essentially linear analysis, dealing with linear elliptic 
boundary value problems (possibly degenerate at the boundary). The compactness issue is usu- 
ally more subtle and depends crucially on the nonlinear structure of the equations. The degree 
calculation is also global. For a detailed study of related but more complicated (i.e., tensor-type) 
boundary value problems for AdS Einstein metrics (with Euclidean signature) using the method 



above, see 40 



A simpler version of this process, known as the "method of continuity" in elliptic PDE, is 
sometimes employed to prove similar global existence (and uniqueness) results. For instance, the 
solution of the Calabi conjecture uses the continuity method |4l] . However, it is doubtful that 
this method can be used to handle the equations treated here. 
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Note that the process described here establishes global existence of solutions to (5.2), but does not prove global 



uniqueness (injcctivity of II). The boundary map II may or may not be a global diffcomorphism. 
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5.1 1/2 BPS M5 brane flows 



Our first application of the process described above is to equation (3.6) 

A<p + 2 + (e<T = e v , 



(5.6) 



with M = lxC, where (C, 7) is a compact Riemann surface of genus g > 1 with fixed metric 7 of 
constant scalar curvature R = —2. We denote by A the Laplacian with respect to 7, and a prime 
denotes differentiation with respect to the M-coordinate p. Compared to Section [3] we have fixed 
the normalization m — 1. 



The standard solution (p ss is given by (3.21) with the constant of integration set to zero, 

e Vss = 2 _|_ e p . 



(5.7) 



The Dirichlet problem in question is then the solvability of (5.6) for functions tp satisfying 



e v -> 2 



P —7- +OO 

p —¥ —OO 



(5i 



for any ip G C°°(C). These boundary conditions define the asymptotic boundary map II. 

I - Local Theory 

Consider the differential operator 

ijffo) = e-^lAif + 2 + (e* 5 )" - e v ] . 



(5.9) 



The moduli space M. of solutions of (5.6) satisfying boundary conditions (5.8) is given by $ 1 (0). 



We show that the linearization L = D^> is surjective at any solution (p G M. The regular value 
theorem then implies that Ai is a smooth manifold. 

The regular value theorem requires working in Banach (or Hilbert) spaces, although with a 
more technical setup one could work in Frechet spaces such as C°°. As in Section 3.1.2 , we define 
( = e~ P//2 , and solutions cp of (5.6) with C°° boundary value <po have an asymptotic expansion at 
p — > +00 of the following form (cf. 42,43 for proofs of the existence of the expansion), 



-<Ass„</> 



+ + V2C 2 + vsC 3 + ^(log C)C 4 + y? 4 C 4 + • • • ■ 



(5.10) 



This is a polyhomogeneous expansion, in powers of ( and log£, with a log term appearing at 
fourth order. For the moment, we work below that order, and define ip G C 3 ' a (M) if e^ - ^ 83 is a 
C 3,a smooth function of ((,x,y), for (x,y) coordinates on C and (say) p > —1. For p < 1, set 



c 



e ' p '/ 2 and require that cp is a C 3 ' a function of ((,x,y) with e v — > 2 as p — > —00. 



Here C ' a is the Holder function space with modulus a G (0, 1). These function spaces are used 
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since they are well-behaved under the action of elliptic operators. We denote by TC 3,a (M) the 
corresponding tangent space. 

If ip is a variation of (p, then e^-^ss+e^ _ e <p-<PBs(i _|_ e {p _|_ . . . ) ; so that has the expansion 

£ ~ + + V2C 2 + ^aC 3 + ^(log C)C 4 + ^C 4 + • • • • (5.11) 



(5.12) 



As in Section 3.1.1 , there is also an asymptotic expansion at p — > — 00 with decay rates determined 
by the eigenvalues of the Laplacian A. The leading order decay falls off as e p , so in particular 
<Po = at p — > —00. 

The linearization L = at a solution ip is 

L : TC 3 ' a (M) -»■ TC l ' a {M) , 
L{$) = e-^ ss [Afi + eV' + 2(e v )V' - (Ay> + 2)(p\ . 
Then A4 C C 3 ' a (M) is a manifold if L is surjective at any ip G A4, i.e., the equation 

L(#) = £, (5.13) 

can be solved for arbitrary £ G TC 1,a with G TC 3,a . 
To prove this, we first show that the operator 

L : T<5 3 ' Q (M) -»■ TC 1,a (M) (5.14) 

is a Fredholm linear map, where the subscript denotes boundary <p Q = at p — > ±00. In the UV, 



(5.12) has the asymptotic form 

L(jp) ~ C 2 A^ + ^ (CV - 3C^) - C 2 (A<^ + 2)<p , (5.15) 

where a dot denotes differentiation with respect to (. This is a so-called "totally degenerate" 
elliptic operator (cf. (44]). The associated "indicial operator" is the ODE obtained by dropping 
(x, y)-dependent and lower order terms, and is given by ^(p (( 2 ip — 3(ip). The indicial roots are 
then zero and four; these are the exponents k such that ip = ( k solves ( 2 ip — 3(ip = 0. Standard 



theory for such elliptic operators (cf. 42 44]) gives the Fredholm property of L in (5.15). 

Similarly, at the IR end p — > — 00, setting £ = e~\ p \l 2 and imposing the boundary condition 
— > 2, the operator L has the form 

L(£9 ~ 2Afi + (C 2 ip + (ip) - Aip . (5. 16) 

This operator is "totally characteristic", with indicial roots ±2; equivalently, this is a Laplace-type 
operator on a cylinder R x C. Again, standard Fredholm theory applies for this cylindrical end 



cf. 43,451). This gives the Fredholm property for L in (5.14) on either end [po, +00) or (— 00, p 
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with, say, standard fixed Dirichlet data <p\ 



P=PO 



on the surface C po = {p } x C. Taking p — ► — 00 



implies the Fredholm property for the full operator L . 

A simple computation shows that the linearization L QtSS at the standard solution ip ss is self- 
adjoint, with respect to the weight e 2ipss . Thus the Fredholm index of Lo, ss is zero. This holds then 



for all linearizations Lq in (5.14), by invariance of the Fredholm index under deformation. 



The arguments above prove that with zero boundary values for ip, (5.13) can be solved for £ in 
a space of finite codimension. Now let the boundary values ipo in (5.11) range over all of C 3 ' a (C). 



We claim that (5.13) is then solvable for any £. To see this, consider the following integration by 
parts, 



L 



where C 



(-p,p) 



(-p,p) j ^(,-p,p) 
p, p) x C, and L* is the adjoint operator (with respect to the weight e 2(pas 
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L*(w) = e- pss An + e - 2v «(e' fi+v »iv)" - 2e~ 2lpss ((e*)' 'e^w)' - e'^Aip + 2)w 



(5.17) 



given 



(5.18) 



The boundary term B(<p,m) is a first order differential operator on <p, vo. Now if L in (5.13) is 



not surjective, then there exists w which is L 2 -orthogonal to imL, and hence the left-hand side of 



(5.17) vanishes, for all choices of (p. Since ip is arbitrary, this implies 



L* 



and moreover, letting p — > +00, 



( w — ¥ as p — ¥ +00 



(5.19) 



(5.20) 



for ( as in (5.10). The operator L* is elliptic, and (5.20) implies that both Dirichlet and Neumann 

-00. All terms in the formal 



boundary data, 



i.e.. 



the full Cauchy data, for w vanish at p — > 



expansion (5.11) for w vanish, cf. the discussion below. In such situations, a standard unique 
continuation theorem for scalar elliptic PDE (cf. [46]) implies that w — 0, and hence L is in fact 
surjective. 



This proves that the moduli space A4 C C 3,Q (M) is a smooth Banach manifold. Clearly, 



TM = ker (L) 



(5.21) 



Also DU(ip) = <po, where L(<p) = and with ip as in (5.11). The fact that the boundary map II 



is also Fredholm follows by standard linearity from the Fredholm property of L in (5.14). Briefly 



(5.14) implies that one can solve L(Jp) = £, for arbitrary £ in a space H of finite codimension, with 
boundary value (p = at p — ¥ +00. Choose now an arbitrary boundary value ^ and extend 



17 It is easily checked that L — L* at ip 
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ipo to a smooth function £>q on M. Then L{jp^) = g, for some function g, and up to a finite 
indeterminacy, g 6 H. For such j £ H, one may solve L(^) = g with <^> = 0- Then £ = (p^ 1 — ip 
solves = 0, with boundary value tp . This shows that DU has finite-dimensional cokernel. 
The proof that the range of DU is closed follows from elliptic regularity results. It also follows 
from the fact that ind(Lo) = that ind(DIl) = 0. 



Using the boundary regularity results of 42 43 for the existence of the expansion (5.10), it 



follows from the analysis above that the space .Moo of solutions which have smooth polyhomoge- 
neous C°° expansions is a smooth Frechet manifold, with II a Fredholm map to C°°(C). Thus, 
solutions cp to L(cp) = with Dirichlet boundary value (po in C°°(C) have the expansion ( |5.11[ ) 

tp ~ + <Pi£ + &( 2 + ^C 3 + VuOag C)C 4 + ^C 4 + ■ ■ ■ • (5.22) 

The coefficients tpo, <P4 are the "formally undetermined coefficients" (Dirichlet and Neumann 
boundary data) , corresponding formally to "source" and "vev" perturbations. All other coefficients 



are determined inductively from these two. The same holds at the nonlinear level (5.10). 

Although the Dirichlet and Neumann terms ipo and tp^ above are formally undetermined, one 
is determined globally by the other via the Dirichlet-to- Neumann map (or its inverse). Thus, 
specifying <p Q at p — > +oo together with the prescription <p — y at p — >■ — oo gives (generally) 
a unique solution to the linearized problem L(jp) = with this boundary data. The resulting 



solution <p has an asymptotic expansion (5.11) (when (p is C°°) and so the (p$ term is (globally) 



determined by (fo. Again, the same holds at the nonlinear level. 
II - Compactness 

The main point in proving compactness is to derive the existence of (a priori) bounds on the 
maximum and minimum of a solution *p in terms of bounds on its boundary value (po at p — > +oo, 
i.e., to show that <p is controlled by the boundary value <p>Q. To obtain a lower bound, for instance, 



note that the evaluation of (5.6) at any interior minimum point of <p implies that > 2. Since 
> 2 at p — > ±oo, it follows that 

e v > 2 (5.23) 
holds everywhere on M. Hence (p is uniformly bounded below. 



To obtain an a priori upper bound, multiply (5.6) by an arbitrary function b = b(p). Then 



A(6 (p) + b{e lp )" = b{e* - 2) . (5.24) 

Now choose b so that 

b + b »-2^f = 0. (5.25) 



For such b, (5.24) can be rewritten as 

A(6 <p) + {b{e v - 2))" - 2(log 6) / (6(e ¥ ' - 2))' = . (5.26) 
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At an interior maximum of b{e ip — 2), the last term vanishes while the middle term is negative. 
Since b = b(p), a maximum of b{e ip — 2) occurs only at a maximum of (p on C p for some p, so the 
first term is negative as well. Thus, by the maximum principle, there are no interior maxima of 
b{e lp — 2). Exactly the same discussion holds for minima in place of maxima. 



Now there are several solutions of (5.25). First, let 

b = (cosh pY 1 



(5.27) 



Then b ~ e p at p — > +oo, so that 6(e^ — 2) — > <p as p — > +oo. Also b — > at p — > — oo, so 
b(e v — 2) — > as p — > — oo. It then follows from the above that 

< b(e v -2) < max^o , (5.28) 

on all of M. This is the main a priori estimate. The boundary data <po controls the pointwise 
size (L°° norm) of any solution ip asymptotic to lpq. Using the asymptotic expansion (3.39) for 
p — > — oo and the test function b = e~ p in place of (5.27), a similar argument shows that (5.28) 
may be improved to 



min<£>o < e p {e 4> — 2) < maxyjo • 



(5.29) 



Now suppose {tp^} is a sequence of solutions of (5.6) with a fixed boundary value ip at 
p — > +oo. By standard regularity theory for elliptic PDE, the sequence {<£>^} is compact (has 
convergent subsequences) if and only if it is bounded in L°° 43,47,48 . This is given by (5.28) or 
(5.29). The same remarks hold if <£>o is replaced by a compact family tp^ — > (po. This establishes 



that the boundary map II is proper. 



Ill - Degree Calculation 

We now prove that the standard solution ip ss is the unique solution with boundary value (p$ = l, 
and moreover that this solution is a regular point of the boundary map II, i.e., the linearization 
DU is an isomorphism at <p ss . This implies that 



deg II = 1 , 

and hence II is surjective. 

To see uniqueness of ip ss , first note that a simple computation shows the functions 

6 (c) = (cosh(p - c))- 1 



(5.30) 



(5.31) 



to satisfy (5.25), for any constant c. Thus, the discussion after (5.26) implies that the same 



maximum principle holds for ^(e 1 * 3 — 2). Since b^(e v — 2) — > at p — > — oo, it follows that the 
maximum of b^ c \e v — 2) occurs at +oo, so 



- 2 

< — T7 r < 2e c , 

cosh(p — c) 



(5.32) 
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on M, for all c. Taking c — > — oo then implies that globally 



e v < 2 + e p = e Vss . 



(5.33) 



On the other hand, integrating (5.6) over the level sets C p of p, and defining 



v = 



(5.34) 



one finds that 2 + u" = u, which is solved by v = 2 + C\e p + p . As in (3.25), the asymptotics 
at p — > — oo imply that C2 = 0, while the asymptotics at p — > +oo fix c\ — tpo — 1- Combining 



this with (5.33), it follows that 



<p = <p ss , (5.35) 

that is, the standard solution (p ss is the unique solution with (fo — 1. 

To show that the standard solution is a regular point of the boundary map, consider the 
linearization L ss of \1/ at (p = ip ss , given by 



L ss (£) = £% ss ($ = e"^[A^ + e*V + 2(e^)V' 
Then ^ is in the kernel of DU at this point if and only if 

L ss (^) = + e^Zp" + 2(e^ ss )V' - 2^ = . 



(5.36) 



(5.37) 



with <p — ?• at p — >■ ±oo. It follows immediately from the maximum principle applied to (5.37) 



that (p = on M. Thus keiDU = 0. Since the index of DU equals zero, DU is an isomorphism. 



In particular (p ss is a regular point of II and thus (5.30) follows. 



Finally, note that it is not being claimed that kerDII = at all solutions ip; it remains unknown 
if DU is everywhere an isomorphism, i.e., whether II is a diffeomorphism. This is due to the fact 



that the factor (A<^ + 2) of p> in (5.12) does not have a definite sign in general; its sign may change 
when the variation of p> over C p is large. This prohibits the use of a maximum principle typically 
used to prove uniqueness of solutions. 

5.2 1/4 BPS M5 brane flows 



Consider now equation (3.37) with the normalization m = 1: 



A<p + 2 + (e 



le^ + e^i^') 2 -^) • 

Here the standard solution ip ss is the one which depends only on p, with asymptotics 

e <p ss - P _^ 1 ^ p _^ +oo ^ 

p —7- — oo , 



(5.3* 



<p ss -)> log | , 



(5.39) 
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see Figure |2[ | The same strategy which was employed above can be applied to the Dirichlet 



problem for equation (5.38). 



I - Local Theory 

The analysis of the local theory is exactly the same as before and so we will be very brief. The 
analogous nonlinear operator \l/ in this setting has the linearization 



L(lp) = e -^ s [A^ + eV' + 2(e*')V - e*V ~ W ~ (2 + A<p)<p\ . 



(5.40) 



This has exactly the same structure as the linearized operator of Section |5.1| the indicial operator 
at the UV end is the same, with indicial roots zero and four, and the analysis carries over to give 
the same manifold structure and Fredholm results. 



II - Compactness 



The standard minimum principle for equation (5.38) implies that ip has no interior minima 



and 



e — 3 • 



(5.4i; 



The main issue is then to obtain an upper bound on ip in terms of the Dirichlet boundary value 
ip at p — > +oo. 



Multiplying (5.38) by b = b(p) and carrying out the same manipulations as before, with b a 



solution to (5.25), leads to 



A(b<p) + (6(e v - 2))" - 2(log6) / (6(e v - 2))' = §e<V - l) 2 > . 



(5.42) 



At a maximum of b(e v — 2), the left-hand side is non-positive, while the right-hand side is positive. 
Choosing b = (coshp) -1 , it follows as before that 



— 2 < 2(max (p ) cosh p . 



(5.43) 



This gives the main a priori upper bound on ip in terms of (po. Via the same elliptic boundary 
regularity results, this suffices to establish the properness of the boundary map. 



Ill - Degree Calculation 



From (|5.40|), the linearization L at the standard solution (p ss is given by 

e-^ ss [Afi+ eV' + 2{e v )'$ - e*V - 1)^ - 



^ss(^) 



(5.44) 



1 A proof of the existence of ip ss can be given using the techniques below, but we forgo this here. 
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Then ip e kerDIl if and only if L ss (Hp) = and <p — > at p — > ±00. Just as before, the maximum 
principle implies that the only solution of L ss (ip) = which vanishes at ±00 is tp = 0. Thus DU 
is an isomorphism, so ip ss is a regular point of II. 

We claim that <p ss is the only solution of (5.38) asymptotic to ipo = 1 at p — > +00 and to 



log(4/3) at p — > —00. To prove this claim, let ip be any solution of (5.38) with these asymptotics. 



Then ip — ip ss — > at both asymptotic boundaries. Evaluating (5.38) on ip and ip ss and subtracting 



gives 



A(<p - ip ss ) + (e^ s )"w + 2{e^)'w' + e Vss w" = 

l e ^ w + e^(i(^') 2 - <p')w + \e^{ip' - ip ss '){ip' + ip ss ' - 2) 



(5.45) 



where w 



,<p-<pss 



1, and w — > as p — > ±00. Consider the evaluation of (5.45) at an interior 



maximum of w. On the first line, the first and fourth terms are non-positive and the third vanishes. 
On the second line, the third term vanishes. This implies the inequality 



(e*»)"u> > \e*»w + e^(Uip ss ') 2 - ip ss ')w 



(5.46) 



where we have utilized the equality of ip' and (p ss ' at a maximum point. Using equation (5.38) for 
the standard solution, this can be rewritten as 



> 2w . 



(5.47) 



At an internal maximum, w must take a value greater than its zero boundary value, so this is a 
contradiction. Thus there is no interior maximum of ip — ip ss , so ip < ip ss . The same argument, 
evaluating at an interior minimum, gives ip > (p ss . Thus, ip = (p ss , proving uniqueness. Hence 
again deg II = 1 and the boundary map II is surjective. 



5.3 1/4 BPS D3 brane flows 



We now address equation (4.10), 



9A<^ + (e*)" = 18{e v - 1) + \(?Wf ■ (5.4f 
The standard solution ip ss is the solution depending only on p, with asymptotics 



<p ss ->■ 



p —> —00 



— > 1 , p — > +00 



(5.49) 



see Figure [3j (Again a proof of the existence of <p ss can be given using the techniques below). 
We provide a brief discussion of the process described at the outset of this section as it applies to 



equation (5.48) 
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I - Local Theory 



The local theory/manifold result is essentially the same as before. Calculating as in (5.40), the 
linearization of ^ in this setting is 



L((p) = e" 1 ^ (9A^ + e V + (e v yfi - (18£ + 9Ay?)) 



(5.50) 



Setting ( = e~ 3p , solutions of *&(ip) = and of L(Jp) = have polyhomogenous expansions in 
powers of ( and logC at p — » +oo. 

The indicial operator is 9( 2 ip — 9((f with indicial roots zero and two. Thus, the expansion of 
is polyhomogenous in (, with Dirichlet and Neumann data (source and vev) appearing at 



^-exponent zero and two, respectively. Again, everything in Section 5^ carries over to give the 
same manifold structure and Fredholm results. 



II - Compactness 



The same minimum principle as in Section 5.2 gives 



e v > 1 . (5.51) 
To obtain an upper bound depending only on the boundary value (p , the same argument as 



following (5.24) can be applied. Multiplying (5.48) by b = b(p) and setting w = e v — 1 gives 



9A(b(p) + (bw)" - 2(\ogb)'(bw)' = w(b" + 18b - 2^) + lbe v (if') 2 



At a critical point of log bw one finds 



9A(M + (bw)" - 2(log&)'(M' = w{b" + 186 - |^ - 



(5.52) 



(5.53) 



where at an interior maximum of bw, the left-hand side of (5.53) is negative. 
We now choose b(p) to solve 

6" + 186-§(^-!^V^ = 0, 



(5.54) 



where e 9int (p) denotes the average value of e v on C p . Asymptotically, this equation assumes the 
form 



-// io> 3(b') 2 



b" + 186 - 



2 b 







which admits as a solution 



b = (cosh 3p)" 



(5.55) 
(5.56) 



A solution b of (5.54) exists which has the same asymptotics as cosh (3p). 
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At a maximum of ip on C p , the value of tp is greater than the average value on the Riemann 



19 



v > 1 — / e v = e^ nt . (5.57) 



surface, which by integrating (|5.48|) over C can be shown to be equal to the value of (p ss at p 

Area(C) I 
Hence, at such a maximum of tp on C p , 

9A(6 cp) + (bw)" - 2(log b)\bw)' > . (5.58) 

It follows that b tp has no interior maxima, and hence 

< b{f - 1) < maxy?o • (5.59) 

This is the main a priori upper bound on e v . Again, by elliptic boundary regularity, this suffices 
to prove properness of the boundary map II. 

Ill - Degree Calculation 

The linearization L ss of $ at the standard solution is given by 

L ss (^) = (T^ (9Atp + e^tp" + (e^Yfi - 18fi) . (5.60) 

Again, the standard maximum principle argument shows that the only solution tp to L ss (tp) = 
with tp — > at p — > ±oo is tp = 0. Thus the L ss is an isomorphism, so <^ss is a regular point of IT. 
The proof of uniqueness is also the same as in the previous cases. Let tp be any solution of 



(5.48) with the same asymptotics as the standard solution. Subtracting the two equations for tp 



and tp ss , as in (5.45), yields 



9A(tp - tp ss ) + (e^Y'w + 2(e Vss )V + e^w" = 

(5.6i; 

lBe^w + \e^{tp'fw + \e^{tp' + tp ss ')(tp' " Pss') • 



Carrying out exactly the same arguments as appear following ( |5.45 ) leads to the bound > l&w 



at any interior maximum point. Since w = e v Vss — 1 > at such a point, this is a contradiction. 
Hence, 

ip < ip ss (5.62) 

holds everywhere. The same argument applied to any interior minimum point gives ip > tp ss 
everywhere. Hence, ip = <p ss , proving uniqueness. So again, deg n = 1 and the boundary map is 
surjective. 



19 Strictly, this may require a shift of the radial coordinate as it appears in the solution ^ ss . This does not affect 
the proof. 



36 



5.4 Area monotonicity 



As we saw in the degree computation of Section 5.1, the geometric flow equations simplify nicely 
upon integration over C. In this section we take advantage of this simplification to prove that the 
area of the Riemann surface with metric 



ds 2 c 



y- 2 e^(dx z + dy 1 



(5.63) 



decreases monotonically along the fixed point flows of Section [5j We solve the cases of 1/2 BPS 
flows explicitly, while the 1/4 BPS flows require a slightly more formal treatment. 



Integrating the M = 2 M5 brane flow (3.6) over C produces the ODE 

A"-A-4n X (C) = 0, 



(5.64) 



where A = f c exp(ip) is the area of the Riemann surface with respect to (5.63) and x(C) is its 
Euler character. The solution is given by 



A{p) = c x e p + c 2 e- p + 4vrx(C) . 



(5.65) 



The solution with the correct asymptotics to interpolate from the six- dimensional fixed point 
in the UV to the four-dimensional fixed point in the IR has c 2 = 0. Thus the area decreases 
monotonically until it reaches the fixed value at p — > — oo. 

The J\f = (4, 4) D3 flow g5) integrates to the following ODE: 

A" - AA' - 36ttx(C) = . (5.66) 

This admits the exact solution 

A(p) = Cl + c 2 e 4p - 9n X (C)p . (5.67) 

The area is again monotonically decreasing with p. As is expected, this solution does not approach 
a fixed point in the IR, but rather becomes singular at finite p, 20 Nevertheless, from the field 
theoretic point of view this is a physical flow. 

The flows preserving four supercharges do not simplify as nicely when integrated, and we can 
treat them simultaneously. Both flows, (3.37), (4.10), are of the form 



(O" + k A V + h^)' - k 2 {e v ) + k 3 = fc 4 e*V 



(5.68) 



with hi > and &2-4 > 0. Integrating over C again eliminates the Laplacian term, but now there 
is a more complicated inhomogeneity in the differential equation for the area, 

A" + k x A' - k 2 A - 2nk 3X (C) = I[<p] , (5.69) 

is a singular limit. It should be noted that the 



20 When the function A is interpreted as the area of C, A 
supergravity metric function g{p,x, y) itself becomes singular along this flow, cf. 



10 
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where I[ip] is the integrated version of the right-hand side of equation (5.68) and is non- negative 
(vanishing only when <p' = on C). The proof of Section [5] establishes the existence of uniformizing 
flows which solve (5.68) and for which A diverges exponentially at p — > +oo and approaches a 
fixed value at p — > — oo. Here we prove that A(p) decreases monotonically along these flows from 
the UV to the IR. 

Note that for such a flow to be non-monotonic, it would have to either experience a local 
maximum at a finite value of p or contain an inflection point at which A' < 0. To see that neither 
of these scenarios can arise, define A = A+ in terms of which equation (5.69) simplifies 

to 

A" + hA' - k 2 A = I[<p] . (5.70) 



Note that the lower bounds on derived in Sections 



5.2 



and 



5.3 



imply that A > for all p. The 
same requirements for monotonicity apply to the new function A. For A! = 0, the positivity of 
I[(p] and ki imply that A" > 0, so this can only be a local minimum. Furthermore, at an inflection 
point of A, one finds that A! > 0, so this does not affect monotonicity. Thus A is a monotonic 
function of p for the 1/4 BPS uniformizing flows as well. 

This monotonicity has a similar flavor to the monotonic behavior of the c-function used to 
prove the holographic c-theorem in 49 , 50 , and it is tempting to identify A(p) with a (d — 2)- 
dimensional c-function. Indeed, such a measure of (d — 2)-dimensional degrees of freedom would 
diverge in the UV where the theory is actually <i-dimensional. It would be very interesting to 
derive more general monotonicity results for a function that captures the evolution of the number 
of degrees of freedom for flows between theories of different spacetime dimension. 



6 Conclusions 

We have initiated a program to use holographic BPS flows for supersymmetric wrapped branes 



to derive and study novel geometric flows. By extending the analysis of 10 to accommodate the 
presence of an arbitrary metric on the wrapped Riemann surface, we have derived a new class of 
elliptic equations which control the BPS flow of the conformal factor of said metric. These flow 
equations are particularly nice, and we have proved that they admit solutions which interpolate 
from any asymptotic metric in the "UV" to the constant negative curvature representative in the 
same conformal class in the "IR". In particular, this verifies of a crucial conjecture from the work 
of (6). 

In analogy with Wilsonian RG flow, it would be desirable to have holographic geometric flow 
equations formulated as initial value flows without the complicating factor of potentially unphys- 
ical boundary conditions. It may be that by a careful application of the tools of holographic 
renormalization, along with input from the field theory, one can find such a formulation for the 
restriction of the flows studied here to physical initial values. Alternatively, by approaching the 
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problem using equations of motion instead of BPS equations, a more direct version of a holographic 



Wilsonian RG flow may be attainable 51,52 



An obvious extension of our program is to the case of twisted compactification on supersym- 
metric cycles of dimension greater than two. In particular, the solutions of 53,54 should be 
generalizable in the same way. It could be of great interest to derive a geometric flow on three- 
manifolds from M-theory in this way. The Ricci flow famously encounters singularities at finite 
time in many cases (c/., [55]). One expects that a geometric flow emerging from M-theory will 
either avoid or provide a physical prescription for dealing with any finite-time singularities. This 
is currently under investigation in [H]. 

Finally, there are a number of natural generalizations of the present work within the two- 
dimensional setting. We have restricted our attention to backgrounds which preserve at least four 
supercharges because of certain technical simplifications which take place. In particular, this meant 
that we ignored the third natural class of wrapped branes - M2 branes - because for M2 branes, 
flows with eight or four supersymmetries do not find an AdS2 fixed point in the IR 56 . There is 
also a (1, l)-supersymmetric twist of the D3 brane theory which we have neglected. Nevertheless, 
it may be interesting to study these less-supersymmetric compactifications and to understand 
whether the corresponding BPS flows display qualitatively different behavior. Furthermore, by 
carrying out the BPS flow analysis in ten or eleven dimensions, it should be possible to incorporate 
punctures. 
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Appendix A Derivation of Flow Equations 



In this appendix we provide a detailed account of the derivation of the flow equations for the 



1/2 BPS twist of the M5 brane theory, (3.4). We also provide a less thorough summary of the 



analogous derivation for the 1/4 BPS M5 brane background (3.35) and for the 1/2 and 1/4 BPS 



D3 brane backgrounds (4.4), (4.9). Several equations from the main text are repeated here to keep 



the derivation relatively self-contained. 



A.l M5 brane flows 



The starting point is the Ansatz for the seven-dimensional gauged supergravity background (2.7) 



(2.8) 



ds 2 = e 2f {-dt 2 + dz\ + dzl + dz\) + e 2h dr 2 + y~ 2 e 29 {dx 2 + dy 2 



(A.l) 



A« = Afdx + Afdy + Afdr , \ = X^x, y, r) , i = 1, 2 . 

As written, (x, y) are coordinates on the upper half-plane, and to obtain a background with a 
compact C factor we impose a quotient by a Fuchsian subgroup T C PSL(2, K) which acts on the 
upper half-plane as 



x + iy — » z 



az + b 



ad — be ^ . 



(A.2) 



cz + d ' 

Accordingly, the functions /, g, and h in (A.l) must be invariant under the action of r|^] The 
supersymmetry variations for the relevant fermionic fields are given by [23|[24] , 

% = [V„ + m(A^T 12 + 4 2 )r 34 ) + tR e -HM + x 2 )^ + l^d^X, + A 2 )] e 

+ \l u (e- 2Al F«r 12 + e-^F^r 34 ) e , 

(A.3) 

5x (l) = [m (e 2Ai _ e -4(A 1+ A 2)) _ 1^(3^ + 2 \ 2 ) - ^e^F^T 12 ] 6 , 

6x (2) = ^ (e 2A 2 _ e -4(A 1+ A 2)) _ I 7 m^ (2Ai + 3A 2 ) - | 7 ^e- 2A2 F^r 34 ] e . 
where the spin- 1/2 fields an d are certain linear combinations of the sixteen spin-1/2 fields 



of the maximal theory - see 24 for more details. 



We wish to find equations for the functions in (A.l) which guarantee the existence of spinors 



for which the above supersymmetry variations vanish. For a given twist of the boundary theory, 
we know that the generators of the preserved supersymmetries should have fixed transforma- 
tion properties under the symmetries of the supergravity background. Specifically, consider the 
decomposition of a spinor according to 



7^e = lae 



r 12 e = ifte 



r 34 < 



i(3 2 e 



y?e = rje 



(A.4) 



21 The constant negative curvature metric on the upper half-plane is given by y 2 (dx 2 + dy 2 ) and is invariant 
under all of PSL(2,R). The conformal factor e 9 should then be independently invariant under T. 
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with a, (3i, 02, V — ±lj_] Then the discrete parameters a, /3i j2 are identified as the charges of the 
corresponding supersymmetry generators under U(l)c, £/(l)i2, and U(l) 34: as defined in Section 



2.1.1. This implies that for the supercharges preserved by the 1/2 BPS twist, a = fli, while for 



those preserved by the 1/4 BPS twist, a = 0\ = $2- After fixing these relations, there are still 



four (resp. two) choices of signs that can be assigned in (A.4). However, each choice gives rise to 
the same equations for the background fields in the appropriate Ansatz. 

In addition, the supersymmetries preserved by the flow should be those which restrict to 
Poincare supersymmetries on the boundary at r — > + (as opposed to superconformal symmetries). 



This fixes r\ = 1 57 . Lastly, four-dimensional Poincare invariance of the backgrounds implies that 



the spinors are constant in the M 1 ' 3 directions, 

d t e = d Zi e = . (A.5) 



We note that in contrast to the solutions studied in 10 , the present analysis allows for d x e ^ 
and d y e ^ 0. 



The conditions for the supersymmetry variations (A. 3) to vanish are of two types. Vanishing 
of the variation of the dilatinos and the (t, z\, z?) components of the gravitino impose explicit 
conditions on the background fields. Alternatively, vanishing variations of the (r, x, y) components 
of the gravitino imply that the spinor e solves a certain system of PDEs. Integrability of said system 
of PDEs imposes additional constraints on the background fields. 

A.l.l M = 2 M5 branes 

For the 1/2 BPS twisted M5 brane background, we impose the additional simplification 

2Ai + 3A 2 = , A {2) = , (A.6) 

and define 

A = A 2 , A = A {1) . (A.7) 



To derive the BPS equations it is sufficient to take a — fi\ — 1 in (A.4). Then the dilatino 
variations lead to the equations 



drX + 2p e h - 3A - *fe h+2X + le h - 29+3X F xy = 
(d x + id y )\ + le- h+3X (F yr - iF xr ) = , 



(A.f 



22 Thc symplcctic Majorana spinor e is in the 4 of SO(5) c , T l are SO(5) c gamma matrices and 7 M are seven- 
dimensional spacetime gamma matrices. We use the standard notation 7 Ml ... Mp = 7[ Atl . ..7^ ] and suppress all 
spinor indices. Hats indicate flat indices. 
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while vanishing of the gravitino variations (the (t, Zi, z 2 , z 3 ) components all produce the same 
condition) requires 

d r (f - |A) + ^e h+2X = , 

(A.9) 

(d x + id y ) (f - |A) =0. 

The differential equations for the spinor e implied by the vanishing variations of the (r, x, y) 
components of the gravitino are given by 

d r t - \ [d r \ + me h+2X + i AmA r ] e 

- \ye h ~ 9 [(d x + idy) (h - §A) - e- h+3X (F yr - iF xr )] 7e e = , 
d x e + \ [i (d y g - y' 1 ) +i4mA x - \{d x + id y )\ + ie~ h+3X F xr ] e 

+ \y- l e*- h [d r (g - |A) + f e h+2X - y 2 e h +^F xy ] 7e e = , (A ' 10) 
d y e + | [-d x g + Am A y + l(8 x + idy)\ + €~ h+3X F yr ] e 

+ [d r (g - |A) + f e h+2X - y 2 e h+ ^ F xy ] 7e e = . 

In order for these equations to admit solutions, they should be integrable and PSL(2,M) covari- 
ant 23 Integrability imposes the following constraints on the background geometry and fields, 



d r {g + 2A) + me h - 3X - fe h+2X = , 
d r d y (g + 2A) + 2mF rx = , 

(A.ll) 

d r d x (g + 2X) -2mF ry = , 

(d 2 x + d 2 y )(g + 2\) + ± -2mF xy = 0. 

These equations can be dramatically simplified and cast into a form which looks intrinsic to the 
geometry of the Riemann surface C. In particular, equations (A.ll) fix F rx , F ry , and F xy in terms 
of A, /, h, and g. Then (A.9) imply that 

f(r,x,y) - \\{r,x,y) = F{r) , h(r,x,y) + 2X(r,x,y) = H(r) , (A.12) 

with F(r) and H(r) being real functions of the radial variable only which satisfy 

F'(r) = -f expif(r) . (A.13) 

This means that F(r) is a monotonic function of r and we can define a new radial variable p 
according to 

p=^F(r), d p = -e~ H ^d r . (A.14) 



23 It is actually not quite necessary that the equations be covariant under PSL(2, K). In principle, the flow could 
be covariant only with respect to the appropriate subgroup T C PSX(2,R), or worse, the complex structure moduli 
of C could vary along the flow. Fortunately, things turn out in the nicest possible way and everything is covariant. 



42 



In terms of the new radial variable, the full solution to the BPS equations is determined by a 
solution to the following flow equations for the conformal factor g on C and the scalar A, 

2m i 2m „— 5A 

■■■■ —i \ i - r 1 • 

(A.15) 



«9 p A = -*p + ^e" aA + ±e x -*> (1 + A(p + 2A)) 
d P g 



3m I m — 5 A 
10 ~r 5 C 



5m 



r- -(1 + A(# + 2A)) 



where we have introduced the Laplace operator on C with respect to the metric of constant scalar 
curvature R = — 2, 



A = y 2 (d 2 x + d 2 ) 



(A.16) 



While this is a vast improvement over (|A.15|), these flow equations are still rather complicated 

(A.17) 



and can be simplified even further. After defining 

<f(p, x, y) = 2g(p, x, y) + 4A(p, x, y) 
we find that 



-5A 



2 m 



where <p(p,x, y) is determined by the following second-order equation: 



d 2 p e v + Alp + 2 



2 w 



(A.18) 



(A.19) 



A. 1.2 J\f = 1 M5 branes 

The 1/4 BPS twist of the M5 brane theory leads to a different truncation of the seven-dimensional 
supergravity fields, 

A = = A {2) , = -2Ai = -2A 2 , (A.20) 



and we consider a supersymmetry variation with a = /?i = = 1 in (A.4). An analysis sim- 
ilar to the one performed for M5 branes with M = 2 supersymmetry yields the equations for a 
supersymmetric background, 



<9 r + 2 -f e h ~* - 2 -f e h+ ^ + ly 2 e h+ *- 29 F xy = , 


(A.21) 


(d x + id y )<f> - le- h+ *(F ry - iF rx ) = . 


(A.22) 


d r (f ~ <P) + fe h+A * = , 


(A.23) 


d x {f-<j>) = d v (f-<l>) = 0, 


(A.24) 


d r (g + 4(f)) + 2me h -^ - ^f e h+ ^ = , 


(A.25) 


d r d y (g + 40) + 4mF rx = , 


(A.26) 


d r d x (g + ty)-4mF ry = , 


(A.27) 


(d 2 x + d 2 )(g + 40) + y- 2 - AmF xy = . 


(A.28) 
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Equations (A. 21) and (A. 22) come from the dilatino variation, (A. 23) and (A. 24) from the 



(t, zi, Z2, £3) components of the gravitino variation, and (A.25)-(A.28) are the integrability con- 
ditions for the PDEs which e must solve. These equations can again be reformulated as a flow 
intrinsic to C. The result is the following system of equations in terms of a new radial variable, 



d P g 



2m I 2m a —5<f> 
5 "t" 5 



' +nb^ 29 (i + A(s + 40)) 



in 
10 



+ f ^ - ^e- 3 ^ (1 + + 40)) 



_2_ e ~30-2g 
5m 



The new radial variable can be defined by using ( A.23[ ) and (A. 24) to show that 

/(r, x, y) - 0(r, 2, y) = F(r) , /i(r, x, y) + ty(r, x, y) = H(r) 

in terms of which p is defined by 

p = if(r) , <9 P = -e"^9 r . 



(A.29) 



(A.30) 



(A.3i; 



One can rewrite the system of two coupled PDEs (A.29) as a single nonlinear second-order PDE. 
Defining 

<f{p, x, y) = 2g(p, x, y) + 80(p, x, y) , (A.32) 

it follows that 

e -^ = £(3m + d pV ) , (A.33) 
where ip(p,x,y) solves the following elliptic PDE: 



Aip + dy - (\{d p ^) 2 - md p ip) + 2 



3m 2 tp 







(A.34) 



A. 2 D3 brane flows 

The Ansatz for the twisted D3 brane solutions is analogous to the one for the twisted M5 solutions. 
The five-dimensional metric, the three Abelian gauge fields and two real scalars take the form 

ds 2 = e 2f (-dt 2 + dz 2 ) + e 2h dr 2 + y~ 2 e 29 {dx 2 + dy 2 ) , 

A 1 = A J x dx + A\dy + A\dr , I = 1, 2, 3 , (A.35) 

(pi(x,y,r) , <j) 2 (x,y,r) . 

The coordinates (x, y) are again coordinates on the upper half-plane with a quotient by a discrete 
subgroup of PSL(2,M) imposed. All background fields must be invariant under the action of this 
discrete group. The supersymmetry transformation of the fermionic fields of the supergravity are 
(see 



35 and Appendix A of 10 for more details) 



(A.36) 
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<I>1 I $2 



X 3 = eW 



where we have defined 

Vi = \, x I = Kx 1 )- 1 . 

Since we are using an Af = 2 truncation of the full gauged supergravity, only a fraction of the 



(A.37) 



maximal possible supersymmetry is visible. The spinors in (A. 36) correspond to the (|, ^, \] 



component of the decomposition (2.4). In the language of this truncation the desired solutions 



preserve two real supercharges. In order for these to be the supersymmetries preserved by the 
twisted field theory, the spinors should obey the following constraints^] 

j?e = e , j £y e = -ie , d t e = d Zi e = . (A.38) 

Note that the radius of AdS*, is fixed to one and that we allow d x e ^ and d y e ^ 0. 

A.2.1 N = (4,4) D3 branes 

For BPS solutions that preserve half of the maximum supersymmetry one should set 

fa = , a= -4<£i , A {1) = A i2) = , A = A {3) . 



(A.39) 



With this simplification the analysis of the supersymmetry constraint is very similar to the case 



of M = 2 M5 branes. First we impose the vanishing of the dilatino variations in (A. 36), which 
leads to the following differential equations 



d r a + \e h - a - f e 



2 „h+2a 



l y 2 e h-2 a -2 9Fxy 







d y a 



ke~ h - 2a F rx = . 



(A.40) 



The vanishing of the (i, z) components of the gravitino variation in (A. 36), implies 

d r (f + \oc) + e h ~ a = , 
d x (/ + \a) = d y (/ + |a) = . 



(A.4i; 



As in the case of M = 2 M5 branes, the (r, x, y) components of the gravitino variation lead to 
PDEs which should be satisfied by the spinor e. Integrability of this system of equations requires 
that the following constraints be satisfied by the background functions, 

d r (g-a) + e h+2a 



d r d y (g -a) + F rx 
d r d x (g -a) - F ry 
(d 2 x + d 2 y )(g-a)+y- 









(A.42) 



xy 



. 



4 7 M are the five-dimensional gamma matrices and we suppress spinor indices. 
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One can simplify the system of BPS equations and reduce it to a system of two coupled PDEs 
intrinsic to C 



d r a + \e h - a - \e h+2a + \y 2 e h+a ~ 2g F xy = , 

d x a - \e- h+a F ry = , d y a+ \e~ h+a F rx = . 



(A.43) 



d p a = 2 - 2e 3a - e' a - 29 (l + A(g - a)) , 

d p g = 2 + e 3a -e- a - 29 (l + A(g- a )) . 
To derive this system we have utilized a new radial variable 

p = |F(r) , d p = -3e- H ^d r , (A.44) 

where we have used 

f(r,x,y) + la(r,x,y) = F(r) , h(r,x,y) - a(r,x,y) = H(r) . (A.45) 
One can find a further simplification of equations ( A.43[ ) and after defining 



¥>{P, y) = 2g{p, x, y) - 2a(p, x, y) , (A.46) 
reduce them to a single PDE that governs the flow: 



<9V - Qdpe* + 9A<^ + 18 = (A.47) 



A. 2. 2 J\f = (2, 2) D3 branes 

To get a BPS flow that preserves a quarter of the maximal supersymmetry we set 

2 = , a= ±<f>i , A = A {1) = A {2) , A {3) = . (A.48) 
The dilatino variation yields 



(A.49) 



(A.50) 



The (t, z) components of the gravitino variation lead to 

d r (/-«) + e h+2a = , 
9 X (f - a) = d y (f - a) = . 

The integrability conditions for the PDEs for the spinor e coming from the (r, x, y) components 
of the gravitino variation reduce to the following differential equations for the background fields 

d r (g + 2a) + 2e h ~ a - e h+2a = , 
d r d y (g + 2a) + 2F rx = , 

(A.51) 

d r d x (g + 2a) - 2F ry = , 

(d 2 x + d 2 )(g + 2a) + y- 2 -2F xy = . 
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Using these BPS equations one can define a new radial variable in a similar way as for the other 
flows above. First use 

f(r,x,y) — a(r,x,y) = F(r), h(r,x,y) + 2a(r,x,y) = H{r) . (A. 52) 

and then define the radial variable p implicitly 

p = |F(r) , d p = -3e- H{r) d r . (A.53) 

With this new variable at hand one can readily derive a system of coupled PDEs intrinsic to C 

d p a = -2 + 2e~ 3a + \e~ a - 29 (l + A(g + 2a)) , 
d p g = 1 + 2e- 3a - e^ 2£, (l + A{g + 2a)) . 
The second-order elliptic PDE that governs the flow can be derived in terms of the new function 

(fi(p, x, y) = 2g(p, x, y) + Aa(p, x, y) . (A.55) 

It takes the following form: 



(A.54) 



die* - ^(dpip) 2 + 9A<p + 18 - 18e^ = 



(A.56) 



Appendix B Covariant Flow Equations 

The flow equations derived in this paper can be rewritten as covariant geometric flows. For all of 
the flows, the function (p can be interpreted as the conformal factor of an auxiliary metric on the 
Riemann surface C, 

dsl = y- 2 e*{dx 2 + dy 2 ) = e*(dx 2 + dy 2 ) . (B.l) 



This metric coincides with the restriction of the gauged supergravity metric in (2.7) and (2.13) to 



C in the UV, and in the IR up to a scale factor. Denoting the metric components on this Riemann 
surface by g^, the Ricci tensor is 



R^ = -m + dl)^5 l3 . 



(B.2) 



The four second-order PDEs (A. 19), ( A.34[ ), (A. 47), and (A.56) can be rewritten as follows: 
• M5 branes with 1/2 BPS twist 



d 2 gij - 2R i:j - m 2 g ij = 



(B.3) 



M5 branes with 1/4 BPS twist 



9 2 p 9ij ~ ZRij ~ ^fgij ~ \d P 9 k id P gkj + md p gij = . 



(B.4) 
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D3 branes with 1/2 BPS twist 



d 2 gij - 18Rij - 6d p gij = . 



(B.5) 



D3 branes with 1/4 BPS twist 



d 2 p 9ij - ISRij - ISgij - \d p g-d p g kj = 



(B.6) 



These covariant flow equations could form the starting point for a new, "holographic" proof of 
the uniformization theorem. Furthermore, it would be interesting to study these flow equations 
on higher-dimensional manifolds, and to compare the naive generalization to the flows for three- 
manifolds which may be derived from an appropriate generalization of 53 54] (see [5]). 



48 



References 



[1] B. Chow, D. Knopf, "The Ricci flow: an introduction," Mathematical Surveys and Mono- 
graphs, 110. American Mathematical Society, Providence, RI (2004). 

[2] R. S. Hamilton, "The formation of singularities in the Ricci flow," Surveys in differential 
geometry, Vol. II, 7-136, Int. Press, Cambridge, MA (1995). 

[3] D. H. Friedan, "Nonlinear Models in Two + Epsilon Dimensions," Annals Phys. 163, 318 
(1985). 

[4] R. S. Hamilton, "Three-manifolds with positive Ricci curvature," J. Differential Geom., 
17(2), 255-306 (1982). 

[5] M. T. Anderson, C. Beem, N. Bobev, L. Rastelli, work in progress. 

[6] D. Gaiotto, "N=2 dualities," [arXiv:0904.2715 [hep-th]]. 

[7] D. Gaiotto, G. W. Moore, A. Neitzke, "Four-dimensional wall-crossing via three-dimensional 
field theory," Commun. Math. Phys. 299, 163-224 (2010). [arXiv:0807.4723 [hep-th]]. 

[8] D. Gaiotto, G. W. Moore, A. Neitzke, "Wall-crossing, Hitchin Systems, and the WKB Ap- 
proximation," [arXiv:0907.3987 [hep-th]]. 

[9] D. Gaiotto, J. Maldacena, "The gravity duals of N=2 superconformal field theories," 
[arXiv:0904.4466 [hep-th]]. 

[10] J. M. Maldacena, C. Nunez, "Supergravity description of field theories on curved manifolds 
and a no go theorem," Int. J. Mod. Phys. A16, 822-855 (2001). [hep-th/0007018]. 

[11] L. Nirenberg, "Topics in Nonlinear Functional Analysis," Courant Lecture Series, Courant 
Inst. Math. Sciences, New York, (1974). 

[12] J. Kazdan, F. Warner, "Curvature functions for compact 2-manifolds," Annals of Math. 99, 
14-47 (1974). 

[13] I. Bah, C. Beem, N. Bobev, B. Wecht, work in progress. 

[14] A. Fayyazuddin, D. J. Smith, "Warped AdS near horizon geometry of completely localized 
intersections of M5-branes," JHEP 0010, 023 (2000). [hep-th/0006060]. 

[15] B. Brinne, A. Fayyazuddin, S. Mukhopadhyay, D. J. Smith, "Supergravity M5-branes 
wrapped on Riemann surfaces and their QFT duals," JHEP 0012, 013 (2000). [hep- 
th/0009047]. 



49 



[16] E. Witten, "Topological Quantum Field Theory," Commun. Math. Phys. 117, 353 (1988). 

[17] M. Bershadsky, C. Vafa, V. Sadov, "D-branes and topological field theories," Nucl. Phys. 
B463, 420-434 (1996). [hep-th/95 11222]. 

[18] F. Benini, Y. Tachikawa, B. Wecht, "Sicilian gauge theories and N=l dualities," JHEP 1001, 
088 (2010). [arXiv:0909.1327 [hep-th]]. 

[19] M. Bershadsky, A. Johansen, V. Sadov, C. Vafa, "Topological reduction of 4-d SYM to 2-d 
sigma models," Nucl. Phys. B448, 166-186 (1995). [hep-th/9501096]. 

[20] H. Nastase, D. Vaman, P. van Nieuwenhuizen, "Consistent nonlinear KK reduction of 11-d 
supergravity on AdS(7) x S(4) and selfduality in odd dimensions," Phys. Lett. B469, 96-102 
(1999). [hep-th/9905075]. 

[21] H. Nastase, D. Vaman, P. van Nieuwenhuizen, "Consistency of the AdS(7) x S(4) reduction 
and the origin of selfduality in odd dimensions," Nucl. Phys. B581, 179-239 (2000). [hep- 
th/9911238]. 

[22] M. Cvetic, M. J. Duff, P. Hoxha, J. T. Liu, H. Lu, J. X. Lu, R. Martinez-Acosta, C. N. Pope 
et al, "Embedding AdS black holes in ten-dimensions and eleven-dimensions," Nucl. Phys. 
B558, 96-126 (1999). [hep-th/9903214]. 

[23] M. Pernici, K. Pilch, P. van Nieuwenhuizen, "Gauged Maximally Extended Supergravity in 
Seven-dimensions," Phys. Lett. B143, 103 (1984). 

[24] J. T. Liu, R. Minasian, "Black holes and membranes in AdS(7)," Phys. Lett. B457, 39-46 
(1999). [hep-th/9903269]. 

[25] M. Gunaydin, L. J. Romans, N. P. Warner, "Gauged N=8 Supergravity in Five-Dimensions," 
Phys. Lett. B154, 268 (1985). 

[26] M. Pernici, K. Pilch, P. van Nieuwenhuizen, "Gauged N=8 D=5 Supergravity," Nucl. Phys. 
B259, 460 (1985). 

[27] M. Gunaydin, L. J. Romans, N. P. Warner, "Compact and Noncompact Gauged Supergravity 
Theories in Five-Dimensions," Nucl. Phys. B272, 598 (1986). 

[28] N. Bobev, A. Kundu, K. Pilch, N. P. Warner, "Supersymmetric Charged Clouds in AdS 5 " 
JHEP 1103, 070 (2011). [arXiv: 1005.3552 [hep-th]]. 

[29] C. P. Boyer, J. D. Finley, "Killing vectors in self-dual, Euclidean Einstein spaces," J. Math. 
Phys. 23, 1126 (1982). 



50 



[30] I. Bakas, "Area Preserving Diffeomorphisms And Higher Spin Fields In Two-dimensions," 
Supermembranes and Physics in (2+1) Dimensions: proceedings. Edited by M. Duff, C.N. 
Pope, E. Sezgin. Teaneck, N.J., World Scientific (1990). 

[31] M. V. Saveliev, "On the integrability problem of a continuous Toda system," Theoret. and 
Math. Phys. 3, 1024-1031 (1993). 

[32] H. Lin, O. Lunin, J. M. Maldacena, "Bubbling AdS space and 1/2 BPS geometries," JHEP 
0410, 025 (2004). [hep-th/0409174]. 

[33] M. Bianchi, D. Z. Freedman and K. Skenderis, "Holographic renormalization," Nucl. Phys. 
B 631, 159 (2002). [hep-th/0112119]. 

[34] S. S. Gubser, "Curvature singularities: The good, the bad, and the naked," Adv. Theor. 
Math. Phys. 4, 679-745 (2000). [hep-th/0002160]. 

[35] K. Behrndt, A. H. Chamseddine, W. A. Sabra, "BPS black holes in N=2 five-dimensional 
AdS supergravity," Phys. Lett. B442, 97-101 (1998). [hep-th/9807187]. 

[36] V. Guillemin, A. Pollack, "Differential Topology," Prentice-Hall, (1974). 

[37] S. Smale, "An infinite dimensional version of Sard's theorem," Amer. Jour. Math., 87, 861-866 
(1965). 

[38] L. Nirenberg, "Variational and topological methods in non linear problems," Bull. Amer. 
Math. Soc, 4, 267-302 (1981). 

[39] J. Eells, "A setting for global analysis," Bulletin Amer. Math. Soc, 72, 751-807 (1966). 

[40] M. Anderson, "Einstein metrics with prescribed conformal infinity on 4-manifolds," Geom. 
& Funct. Analysis, 18, 305-366 (2008). 

[41] S.-T. Yau, "On the Ricci curvature of a compact Kahler manifold and the complex Monge- 
Ampere equation I," Comm. Pure Applied Math., 31, 339-411 (1978). 

[42] L. Andersson, P. Chrusciel, "Solutions of the constraint equations in general relativity satis- 
fying 'hyperboloidal boundary conditions'," Dissertationes Math. 355, (1996). 

[43] R. Mazzeo, "Elliptic theory of differential edge operators, I," Comm. PDE, 16, 1615-1644 
(1991). 

[44] R. Melrose, "Geometric Scattering Theory," Cambridge Univ. Press, (1995). 

[45] R. Mazzeo, R. Melrose, "Pseudodifferential operators on manifolds with fibered boundaries," 
Asian Jour. Math., 2, 833-866 (1998). 



51 



[46] A. Calderon, "Uniqueness in the Cauchy problem for partial differential equations," Amer. 
Jour. Math., 80, 16-36 (1958). 

[47] D. Gilbarg, N. Trudinger, "Elliptic Partial Differential Equations of Second Order," 
Grundlehren Series, Vol. 224, Springer Verlag, Berlin (1983). 

[48] C. B. Morrey, "Multiple Integrals in the Calculus of Variations," Grundlehren Series, vol. 
130, Springer Verlag, Berlin, (1966). 

[49] L. Girardello, M. Petrini, M. Porrati, A. Zaffaroni, "Novel local CFT and exact results on 
perturbations of N=4 superYang Mills from AdS dynamics," JHEP 9812, 022 (1998). [hep- 
th/9810126]. 

[50] D. Z. Freedman, S. S. Gubser, K. Pilch, N. P. Warner, "Renormalization group flows from 
holography supersymmetry and a c theorem," Adv. Theor. Math. Phys. 3, 363-417 (1999). 
[hep-th/9904017]. 

[51] I. Heemskerk, J. Polchinski, "Holographic and Wilsonian Renormalization Groups," JHEP 
1106, 031 (2011). [arXiv: 1010. 1264 [hep-th]]. 

[52] T. Faulkner, H. Liu, M. Rangamani, "Integrating out geometry: Holographic Wilsonian RG 
and the membrane paradigm," JHEP 1108, 051 (2011). [arXiv: 1010.4036 [hep-th]]. 

[53] B. S. Acharya, J. P. Gauntlett, N. Kim, "Five-branes wrapped on associative three cycles," 
Phys. Rev. D63, 106003 (2001). [hep-th/0011190]. 

[54] J. P. Gauntlett, N. Kim, D. Waldram, "M Five-branes wrapped on supersymmetric cycles," 
Phys. Rev. D63, 126001 (2001). [hep-th/0012195]. 

[55] G. Perelman, "The Entropy formula for the Ricci flow and its geometric applications," 
[math/0211159 [math-dg]]. 

[56] J. P. Gauntlett, N. Kim, S. Pakis, D. Waldram, "Membranes wrapped on holomorphic curves," 
Phys. Rev. D65, 026003 (2002). [hep-th/0 105250]. 

[57] H. Lu, C. N. Pope, P. K. Townsend, "Domain walls from anti-de Sitter space-time," Phys. 
Lett. B391, 39-46 (1997). [hep-th/9607164]. 



52 



